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MP Board Class 12 Maths Question with
Solution - 2024

Choose and write the correct options :

(i) If  and  are two non-zero vectors, then , if

(a)

(b)

(c)

(d)

Solution:

The condition holds when . This occurs when the angle  between  and  is

.

Hence, the answer is option (b)

(ii) If be defined as , then

(a) is one-one onto

(b) is many one onto

(c) is one-onc but not onto

(d) is neither one-one nor onto

Solution:

The function defined as is analyzed for being one-one (injective) and onto

(surjective).

- One-one (Injective) : A function is one-one if different inputs produce different outputs. Since

, implies , which gives  or . Therefore,  is not one-one

because .

- Onto (Surjective) : A function is onto if every element in the codomain is an image of some element

in the domain. The range of  is , not all of , so  is not onto.

Hence, the answer is option  (d)

(iii) The principal value of is -
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(a) 

(b) 

(c) 

(d) 

Solution: 

The principal value of  is the angle  in the range  such that .

Since , 

Hence, the answer is option  (b)

(iv) The number of all possible matrices of order  with entry 0 or 1 is -

(a) 27

(b) 512

(c) 16

(d) 2

Solution: 

A matrix of order  has 4 entries. Each entry can be either 0 or 1, giving 2 choices per entry.

The total number of possible matrices is:

Hence, the answer is option  (c) 

(v) The probability of obtaining an even prime number on each die, when a pair of dice is

rolled, is -

(a) 0

(b) 

(c) 

(d) 

Solution: 

An even prime number is a prime number that is also even. The only even prime number is 2.
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When rolling a pair of dice, the probability of obtaining an even prime number (2) on each die is

considered. Each die has 6 faces, and only one face is 2.

The probability of rolling a 2 on one die is .

For two dice, the probability of both showing a 2 is:

Hence, the answer is option  (d) 

(vi) If  is a nonsingular square matrix of order  and , then  is equal to -

(a) 4

(b) 2

(c) 8

(d) 0

Solution: 

For a nonsingular square matrix  of order , the relationship between the determinant of 

and the determinant of its adjugate (adjoint) matrix  is given by:

where  is the order of the matrix. For a  matrix, .

Given , we have:

Hence, the answer is option  (a) 

2 Fill in the blanks :

(i) Value of  is _____________

(ii) Differential coefficient of  is_____________

(iii) A point C in the domain of a function  at which either  or  is not differentiable

is called a _____________ of . point

(iv) A Relation  in a set  is said to be _____________ symmetric, and transitive. relation if  is

reflexive,

(v) The value of an inverse trigonometric functions which lies in its principal value branch is

called_____________ trigonometric functions. value of that inverse
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(vi) If , then  is called _____________ matrix.

Solution: 

(i) The value of  is .

(ii) The differential coefficient of  is .

(iii) A point  in the domain of a function  at which either  or  is not differentiable is

called a  of .

(iv) A relation  in a set  is said to be  relation if  is reflexive, symmetric, and

transitive.

(v) The value of an inverse trigonometric function which lies in its principal value branch is called

 of that inverse trigonometric function.

(vi) If , then  is called a  matrix.

3. Write True or False :

(i) If  and  are the direction cosines of two lines and  is the acute angle

between the two lines, then .

(ii) A function  is one-one if .

(iii) The range of principal value branch of  is .

(iv) Any square matrix can be represented as the sum of a symmetri and a skew symmetric

matrix.

(v) Multiplication of diagonal matrices of same order will  commutative?

(vi) The differential coefficient of  with respect to  is .

Solution: 

(i) If  and  are the direction cosines of two lines and  is the acute angle between

the two lines, then .

- False : The correct formula is .

(ii) A function  is one-one if .

- False : A function is one-one (injective) if .

(iii) The range of the principal value branch of  is .

- True : The principal value of  lies in the interval .
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(iv) Any square matrix can be represented as the sum of a symmetric and a skew-symmetric matrix.

- True : Any square matrix  can be written as , where  is symmetric and

 is skew-symmetric.

(v) Multiplication of diagonal matrices of the same order will be commutative.

- True : The multiplication of diagonal matrices is commutative because the product of their

corresponding diagonal elements is commutative.

(vi) The differential coefficient of  with respect to  is .

- False : The differential coefficient of  with respect to  is .

4 Match the Correct Columns :

Column 'A'                                                                                  Column 'B'

(i)                                                                  (a) 

(ii) Simplest form of                                                    (b) 

(iii)                                                          (c) 

(iv)                                                          (d) 

(v)                                                     (e) 

(vi)                                              (f) 

(vii)                                                            (g) .

                                                                                           (h) 

                                                                                              (i) 

Solution: 

the matching is :

(i)  - (b) 

(ii) Simplest form of - (Needs more context)
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(iv)  - (e) 

(v)  - (f) 
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(vi)  - (h) 

(vii)  - (c) 

5 Write answers in one word / sentence:

(i) If  is a unit vector, write the value of .

(ii) Write the value of .

(iii) Write the degree of differential equation

(iv) Write the integrating factor of differential equation .

(v) Write the number of arbitrary constants in the particular Solution of a differential equation

of third order.

(vi) Write minimum value of the function  given by .

(vii) If  and  are two events such that  and , then write value of .

Solution: 

(i) the value of  is .

(ii The value is .

(iii) The degree is 1.

(iv) The integrating factor is 

(v) The number is 0

(vi) The minimum value does not exist because  has no minimum value in .

(vii) The value is 1.

6 If , then find .

Solution: 

To find  given the equation , we need to understand that this is a standard case

where implicit differentiation is not directly applicable due to the inequality. However, we can provide

the general approach for differentiating  with respect to  for any equation involving  and .

Let's assume an equality for the sake of differentiation: 
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Apply the chain rule on the left-hand side:

Solve for :

Thus,  is:

OR

If , then find .

Solution: 

Given the parametric equations:

To find , we can use the chain rule for parametric equations. First, we need to find  and .

Differentiate  with respect to :

Differentiate  with respect to :

Now, use the chain rule to find :

d

dx

(2x+ 3y) =

d

dx

(sinx)

2 + 3

dy

dx

= cosx

dy

dx

3

dy

dx

= cosx− 2

dy

dx

=

cosx− 2

3

dy

dx

dy

dx

=

cosx− 2

3

x = a cos θ, y = a sin θ
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So, the derivative  is:

7 Show that the function given by  is increasing on .

Solution: 

To show that the function  is increasing on  (the set of all real numbers), we can

examine its derivative.

1. Find the derivative of :

2. Compute the derivative:

3. Analyze the derivative:

The derivative  is a constant value that is positive for all .

Since the derivative is positive for all , the function  is strictly increasing on the

entire real line.

Therefore, we have shown that the function  is increasing on .

OR

Prove that the function given by  is decreasing in .

Solution: 

To prove that the function  is decreasing on the interval , we need to examine its

derivative on this interval.

1. Find the derivative of :

2. Compute the derivative:

3. Analyze the derivative on the interval :
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Within the interval :

- For ,  is positive because the sine function is positive in the first quadrant  and

the second quadrant .

- Since  for , it follows that .

Therefore,  is negative for all  in the interval .

Since the derivative  is negative on , the function  is decreasing on this

interval.

Hence, we have proved that the function  is decreasing in .

8 The radius of a circle is increasing at the rate of . What is the rate of increase of its

circumference when  ?

Solution: 

To find the rate of increase of the circumference of a circle given that its radius is increasing at a rate

of , we can use the relationship between the radius and the circumference of the circle.

The circumference  of a circle is given by:

We need to find the rate of change of the circumference, , with respect to time.

First, differentiate the equation for the circumference with respect to time :

Using the chain rule, we get:

We are given that the radius is increasing at a rate of:

Now, substitute  into the equation for :

Simplify the expression:

Therefore, the rate of increase of the circumference when  is:
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f

′

(x) (0,π) f(x) = cosx

f(x) = cosx (0,π)

0.7 cm/s

r = 4.9 cm

0.7 cm/s

C

C = 2πr

dC

dt

t

dC

dt

=

d

dt

(2πr)

dC

dt

= 2π

dr

dt

dr

dt
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OR

The radius of a circle is increasing uniformly at the rate of . Find the rate at which the

area of the circle is increasing when the radius is 20 cm .

Solution: 

To find the rate at which the area of the circle is increasing, given that the radius is increasing at a rate

of  and the radius is 20 cm, we can use the relationship between the radius and the area of

the circle.

The area  of a circle is given by:

We need to find the rate of change of the area, , with respect to time.

First, differentiate the equation for the area with respect to time :

Using the chain rule, we get:

We are given that the radius is increasing at a rate of:

Now, substitute  and  into the equation for :

Simplify the expression:

Therefore, the rate at which the area of the circle is increasing when the radius is 20 cm is:

9 Find the value of : .

Solution: 
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To find the value of , we use the method of integration by parts. The formula for integration

by parts is:

In this case, we choose:

Next, we need to find  and :

Now, apply the integration by parts formula:

Evaluate the remaining integral:

where  is the constant of integration.

Thus, the value of the integral is:

OR

Find the value of : . 

Solution: 

To evaluate the integral , we can split the integral into two separate integrals:

We can recognize that , so the integrals become:

∫ xe

x

dx

∫ u dv = uv− ∫ v du
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First, let's evaluate :

Next, let's evaluate . Notice that . Therefore, the

integral becomes:

Using the substitution , then , and :

We can rewrite this as:

Since the derivative of  is , the integral becomes:

Combining these results, we get:

Thus, the value of the integral is:

10.Prove that , if and only if  are perpendicular, given

Solution: 

To prove that  if and only if  and  are perpendicular, given 

and , we can proceed as follows:

Forward Direction: Assume  and  are perpendicular

If  and  are perpendicular, then .

Consider the expression :
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2
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2
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2
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Since  (by the property of the dot product for perpendicular vectors), the equation

simplifies to:

This can be written as:

Reverse Direction: Assume 

Now, assume . We need to show that this implies  and  are

perpendicular.

Start with the given equality:

Expanding the left-hand side, we get:

Simplify using the properties of the dot product:

Subtract  from both sides:

Thus, we have:

This implies that  and  are perpendicular.

We have shown that  if and only if  and  are perpendicular.

OR

If  and ,

then find .
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(→a+
→
b) ⋅ (→a+

→
b) = |→a|

2

+ |

→
b|

2

→a
→
b

→a =
^

i+

^

j+

^

k

→

b =

^

i+ 2

^

j+ 3

^

k

(→a+

→

→
b) × (→a−

→
b)

14



Solution: 

To find , we first need to compute  and .

Given:

First, compute :

Next, compute 

Now, we need to compute the cross product :

Using the properties of the cross product, we can compute this as a determinant:

Calculate the determinant:

So, we have:

Thus, the result is:

11 Find the angle between the vectors  and 

(
→
a+

→

b) × (
→
a−

→

b)
→
a+

→

b
→
a−

→

b

→
a =

^

i+

^

j+

^

k

→

b =

^

i+ 2

^

j+ 3

^

k

→
a+

→

b

→a+

→

b = (

^

i+

^

j+

^

k) + (

^

i+ 2

^

j+ 3

^

k) = 2

^

i+ 3

^

j+ 4

^

k

→a−

→

b

→
a−

→

b = (

^

i+

^

j+

^

k) − (

^

i+ 2

^

j+ 3

^

k) = (

^

i−

^

i) + (

^

j− 2

^

j) + (

^

k− 3

^

k)

= 0

^

i−

^

j− 2

^

k

(
→
a+

→

b) × (
→
a−

→

b)

(
→
a+

→

b) × (
→
a−

→

b) = (2

^

i+ 3

^

j+ 4

^

k) × (0

^

i−

^

j− 2

^

k)

∣
^

i

^

j

^

k

2 3 4

0 −1 −2

∣
=

^

i (3 ⋅ (−2) − 4 ⋅ (−1)) −

^

j (2 ⋅ (−2) − 4 ⋅ 0) +

^

k (2 ⋅ (−1) − 3 ⋅ 0)

=

^

i(−6 + 4) −

^

j(−4) +

^

k(−2)

=

^

i(−2) +

^

j(4) +

^

k(−2)

(
→
a+

→

b) × (
→
a−

→

b) = −2

^

i+ 4

^

j− 2

^

k

(→a+

→

b) × (→a−

→

b) = −2

^

i+ 4

^

j− 2

^

k

(

^

i− 2

^

j+ 3

^

k) (3

^

i− 2

^

j+

^

k

15



Solution: 

To find the angle between the vectors  and , we use the dot product

formula:

where  is the angle between the vectors. First, we need to find the dot product , and the

magnitudes  and .

1. Dot product  :

Since the dot product of perpendicular unit vectors is zero and the dot product of the same unit

vectors is one, we get:

2. Magnitude  :

3. Magnitude  :

4. Angle  :

Using the formula :

→
a =

^

i− 2

^

j+ 3

^

k

→

b = 3

^

i− 2

^

j+

^

k

→a ⋅

→

b = |→a||

→

b| cos θ

θ
→
a ⋅

→

b

|
→
a| |

→

b|

→a ⋅
→
b

→
a ⋅

→

b = (

^

i− 2

^

j+ 3

^

k) ⋅ (3

^

i− 2

^

j+

^

k)

= (

^

i ⋅ 3

^

i) + (−2

^

j ⋅ −2

^

j) + (3

^

k ⋅

^

k) + (

^

i ⋅ −2

^

j) + (

^

i ⋅

^

k) + (−2

^

j ⋅ 3

^

i)+

(−2

^

j ⋅

^

k) + (3

^

k ⋅ 3

^

i) + (3

^

k ⋅ −2

^

j)

= 3(1) + 4(1) + 3(1) + 0 + 0 + 0 + 0 + 0 + 0

= 3 + 4 + 3

= 10

|
→
a|

|→a| =
√

(

^

i− 2

^

j+ 3

^

k) ⋅ (

^

i− 2

^

j+ 3

^

k)

=

√

(1

2

+ (−2)

2

+ 3

2

)

=

√

1 + 4 + 9

=

√

14

|

→

b|

|

→

b| =

√

(3

^

i− 2

^

j+

^

k) ⋅ (3

^

i− 2

^

j+

^

k)

=

√

(3

2

+ (−2)

2

+ 1

2

)

=

√

9 + 4 + 1

=

√

14

θ

→
a ⋅

→

b = |
→
a||

→

b| cos θ
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So the angle  between the vectors is:

Thus, the angle between the vectors  and  is .

OR

Find the projection of the vector  on the vector 

Solution: 

To find the projection of the vector  on the vector , we use the

formula for the projection of  onto :

1. Calculate the dot product  :

2. Calculate the magnitude  and  :

3. Compute the projection :

10 = (

√

14)(

√

14) cos θ

10 = 14 cos θ

cos θ =

10

14

cos θ =

5

7

θ

θ = cos

−1

(

5

7

)

(

^

i− 2

^

j+ 3

^

k) (3

^

i− 2

^

j+

^

k) cos

−1

(

5

7

)

^

i+ 3

^

j+ 7

^

k 7

^

i−

^

j+ 8

→
a =

^

i+ 3

^

j+ 7

^

k

→

b = 7

^

i−

^

j+ 8

^

k

→
a

→

b

Proj

→

b

→
a =

→a ⋅

→

b

|

→

b|

2

→

b

→a ⋅

→

b

→
a ⋅

→

b = (

^

i+ 3

^

j+ 7

^

k) ⋅ (7

^

i−

^

j+ 8

^

k)

= (1 ⋅ 7) + (3 ⋅ −1) + (7 ⋅ 8)

= 7 − 3 + 56

= 60

|

→

b| |

→

b|

2

|

→

b| =

√

(7)

2

+ (−1)

2

+ (8)

2

=
√
49 + 1 + 64

=

√

114

|

→

b|

2

= 114
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Simplify the fraction :

4. Find the projection vector :

So, the projection of  on  is:

Thus, the projection of the vector  on the vector  is:

12 Find the equation of a line in vector form that passes through the poi with position vector

 and is in the direction ,

Solution: 

To find the equation of a line in vector form that passes through a point with a given position vector

and is in a specified direction, we use the general vector equation of a line:

where:

-  is the position vector of any point on the line,

-  is the position vector of a given point through which the line passes,

-  is the direction vector of the line,

-  is a scalar parameter.

Given:

- The position vector of the point: 

- The direction vector: 

Substitute these into the general equation:

This represents the equation of the line in vector form. Simplifying, we get:

Proj

→

b

→a =

→
a ⋅

→

b

|

→

b|

2

→

b =

60

114

→

b

60

114

60

114

=

30

57

=

10

19

Proj

→

b

→a =

10

19

(7

^

i−

^

j+ 8

^

k)

→
a

→

b

Proj

→

b

→a =

10

19

(7

^

i−

^

j+ 8

^

k) = (

70

19

)

^

i− (

10

19

)

^

j+ (

80

19

)

^

k

^

i+ 3

^

j+ 7

^

k 7

^

i−

^

j+ 8

^

k

Proj

→

b

→a =

70

19

^

i−

10

19

^

j+

80

19

^

k

2

^

i−

^

j+ 4

^

k 3

^

i+ 2

^

j− 2

→
r =

→
r

0

+ t

→

d

→r

→r
0

→

d

t

→r
0

= 2

^

i−

^

j+ 4

^

k

→

d = 3

^

i+ 2

^

j− 2

^

k

→
r = (2

^

i−

^

j+ 4

^

k) + t(3

^

i+ 2

^

j− 2

^

k)

→
r = (2 + 3t)

^

i+ (−1 + 2t)

^

j+ (4 − 2t)

^

k
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Thus, the equation of the line in vector form is:

OR

Show that the lines  and  a perpendicular to each other.

Solution: 

To show that the lines  and  are perpendicular to each other,

we need to compare their direction vectors and show that their dot product is zero.

Step 1: Extract the direction vectors

The direction vector of the first line  is:

The direction vector of the second line  is:

Step 2: Compute the dot product

The dot product  is given by:

Since the dot product of the direction vectors  and  is zero, the lines are perpendicular to each

other.

Thus, the lines  and  are perpendicular.

13 Show that a one-one function  must be onto.

Solution: 

To show that a one-one (injective) function  must be onto (surjective), we can

use the properties of finite sets and functions.

→
r = (2 + 3t)

^

i+ (−1 + 2t)

^

j+ (4 − 2t)

^

k

x+5

7

=

y+2

−5

=

z

−1

x

−1

=

y−1

−2

=

z+2

3

x+5

7

=

y+2

−5

=

z

−1

x

−1

=

y−1

−2

=

z+2

3

x+5

7

=

y+2

−5

=

z

−1

→

d

1

= 7

^

i− 5

^

j− 1

^

k

x

−1

=

y−1

−2

=

z+2

3

→

d

2

= −1

^

i− 2

^

j+ 3

^

k

→

d

1

⋅

→

d

2

→

d

1

⋅

→

d

2

= (7

^

i− 5

^

j− 1

^

k) ⋅ (−1

^

i− 2

^

j+ 3

^

k)

= 7(−1) + (−5)(−2) + (−1)(3)

= −7 + 10 − 3

= 0

→
d

1

→
d

2

x+5

7

=

y+2

−5

=

z

−1

x

−1

=

y−1

−2

=

z+2

3

f : {1, 2, 3} → {1, 2, 3}

f : {1, 2, 3} → {1, 2, 3}
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Definitions and Context

- A function  is one-one (injective) if for every pair of elements  in the domain, 

implies .

- A function  is onto (surjective) if for every element  in the codomain, there exists an element  in

the domain such that .

- The sets involved are both , each containing exactly 3 elements.

Argument

1. Injective Function Property : Since  is one-one, each element in the domain  maps to a

unique element in the codomain . Therefore, no two elements in the domain map to the

same element in the codomain.

2. Cardinality and Mapping : 

   - The domain of  has 3 elements.

   - The codomain of  also has 3 elements.

3. Function Mapping : 

   - Since  is injective, it maps each of the 3 elements in the domain to 3 distinct elements in the

codomain. This implies that all elements in the codomain must be used in the mapping because there

are exactly 3 elements in the codomain and 3 unique elements in the domain.

4. Surjectivity Proof :

   - Since there are exactly as many elements in the codomain as there are in the domain, and the

function is injective (hence, no element in the codomain is left out), it follows that the function must

map to every element in the codomain.

   - Therefore, every element in  (the codomain) must be the image of some element in

 (the domain).

5. :

   - Hence,  must be onto, because for every element in the codomain, there is a corresponding

element in the domain that maps to it.

OR

Show that the relation  in the set  given by  is symmetric

but neither reflexive nor transitive.

Solution: 

To show that the relation  in the set  given by  is symmetric

but neither reflexive nor transitive, we will check each property (symmetric, reflexive, transitive) one

by one.

Symmetric

A relation  is symmetric if for every , .

f a, b f(a) = f(b)

a = b

f y x

f(x) = y

{1, 2, 3}

f {1, 2, 3}

{1, 2, 3}

f

f

f

{1, 2, 3}

{1, 2, 3}

f

R {1, 2, 3} {(1, 2), (2, 1), (2, 3), (3, 2)}

R {1, 2, 3} {(1, 2), (2, 1), (2, 3), (3, 2)}

R (a, b) ∈ R (b, a) ∈ R
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- Given , we see .

- Given , we see .

- Given , we see .

- Given , we see .

Since for every pair , the pair  is also in , the relation  is symmetric.

Reflexive

A relation  is reflexive if for every element , .

- For , .

- For , .

- For , .

Since none of the pairs , , or  are in , the relation  is not reflexive.

Transitive

A relation  is transitive if for every  and , the pair  must also be in .

- We have  and , but .

- We also have  and , but this already satisfies the symmetry property.

- We have  and , but .

- Finally, we have  and , but .

Since at least one of the required transitive pairs is missing (  or ), the relation  is not

transitive.

The relation  in the set  is:

- Symmetric : Because for every , .

- Not Reflexive : Because not all  pairs are in .

- Not Transitive : Because there exist pairs  and  for which .

Thus, the relation  is symmetric but neither reflexive nor transitive.

14 Prove that .

Solution: 

To prove that  for , we will start by using a substitution and

trigonometric identities.

Let's denote:

This means:

(1, 2) ∈ R (2, 1) ∈ R

(2, 1) ∈ R (1, 2) ∈ R

(2, 3) ∈ R (3, 2) ∈ R

(3, 2) ∈ R (2, 3) ∈ R

(a, b) ∈ R (b, a) R R

R a ∈ {1, 2, 3} (a, a) ∈ R

a = 1 (1, 1) ∉ R

a = 2 (2, 2) ∉ R

a = 3 (3, 3) ∉ R

(1, 1) (2, 2) (3, 3) R R

R (a, b) ∈ R (b, c) ∈ R (a, c) R

(1, 2) ∈ R (2, 3) ∈ R (1, 3) ∉ R

(2, 1) ∈ R (1, 2) ∈ R

(2, 3) ∈ R (3, 2) ∈ R (2, 2) ∉ R

(3, 2) ∈ R (2, 1) ∈ R (3, 1) ∉ R

(1, 3) (2, 2) R

R = {(1, 2), (2, 1), (2, 3), (3, 2)} {1, 2, 3}

(a, b) ∈ R (b, a) ∈ R

(a, a) R

(a, b) (b, c) (a, c) ∉ R

R

tan

−1

√x =

1

2

cos

−1

(

1−x

1+x

),x ∈ [0, 1]

tan

−1

√
x =

1

2

cos

−1

(

1−x

1+x

) x ∈ [0, 1]

θ = tan

−1

√x
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We need to show that:

Step 1: Express  in terms of 

Since , we have:

Step 2: Find 

Using the double angle identity for cosine:

Substitute :

Step 3: Relate  and 

We found:

We need to express  in terms of . Using the fact that :

Thus:

Step 4:

Since  and we have shown that , we conclude:

tan θ = √x

θ =

1

2

cos

−1

(

1 − x

1 + x

)

√x tan θ

tan θ = √x

x = tan

2

θ

cos 2θ

cos 2θ =

1 − tan

2

θ

1 + tan

2

θ

tan θ = √x

cos 2θ =

1 − (
√
x)

2

1 + (
√
x)

2

cos 2θ =

1 − x

1 + x

θ cos 2θ

cos 2θ =

1 − x

1 + x

θ cos

−1

(

1−x

1+x

) θ =

1

2

cos

−1

(cos 2θ)

2θ = cos

−1

(

1 − x

1 + x

)

θ =

1

2

cos

−1

(

1 − x

1 + x

)

θ = tan

−1

√x θ =

1

2

cos

−1

(

1−x

1+x

)
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Thus, the given equation is proven for .

OR

Find the value of .

Solution: 

To find the value of , we will start by simplifying the expression inside the

 function.

First, let's determine :

This means:

The angle  whose sine is  is:

So:

Next, we need to find :

We know that:

So:

tan

−1

√
x =

1

2

cos

−1

(

1 − x

1 + x

)

x ∈ [0, 1]

tan

−1

[2 cos (2 sin

−1 1

2

)]

tan

−1

[2 cos (2 sin

−1 1

2

)]

tan

−1

sin

−1 1

2

θ = sin

−1

1

2

sin θ =

1

2

θ

1

2

θ =

π

6

sin

−1

1

2

=

π

6

cos (2 sin

−1 1

2

)

cos(2 sin

−1

1

2

) = cos(2 ⋅

π

6

)

= cos(

π

3

)

cos(

π

3

) =

1

2

cos(2 sin

−1

1

2

) =

1

2
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Now, substitute this value back into the original expression:

We know that:

Therefore, the value is:

15 Solve the given equation for  and , if

Solution: 

To solve the given matrix equation for , , , and , we need to solve:

First, simplify each term in the equation.

1. Multiply each matrix by its scalar:

2. Add the two matrices on the left-hand side:

3. Set the resulting matrix equal to the matrix on the right-hand side:

tan

−1

[2 cos(2 sin

−1

1

2

)] = tan

−1

[2 ⋅

1

2

]

= tan

−1

(1)

tan

−1

(1) =

π

4

tan

−1

[2 cos(2 sin

−1

1

2

)] =

π

4

x, y, z t

2 [ ]+ 3 [ ] = 3 [ ].

x z

y t

1 −1

0 2

3 5

4 6

x y z t

2 [ ]+ 3 [ ] = 3 [ ]

x z

y t

1 −1

0 2

3 5

4 6

2 [ ] = [ ]

x z

y t

2x 2z

2y 2t

3 [ ] = [ ]

1 −1

0 2

3 −3

0 6

[ ]+ [ ] = [ ]

2x 2z

2y 2t

3 −3

0 6

2x+ 3 2z− 3

2y 2t+ 6

[ ] = [ ]

2x+ 3 2z− 3

2y 2t+ 6

9 15

12 18
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4. Solve for each corresponding element:

- For :

- For :

- For :

- For :

Thus, the Solution is:

OR

For the matrix , verify that  is a skew symmetric matrix.

Solution: 

To verify that  is a skew symmetric matrix for the given matrix , we need to show that

.

Given the matrix:

1. Calculate the transpose  :

2. Calculate  :

2x+ 3 = 9

2x+ 3 = 9 ⟹ 2x = 6 ⟹ x = 3

2z− 3 = 15

2z− 3 = 15 ⟹ 2z = 18 ⟹ z = 9

2y = 12

2y = 12 ⟹ y = 6

2t+ 6 = 18

2t+ 6 = 18 ⟹ 2t = 12 ⟹ t = 6

x = 3, y = 6, z = 9, t = 6

A = [ ]

1 5

6 7

(A−A

′

)

(A−A

′

) A

(A−A

′

)

′

= −(A−A

′

)

A = [ ]

1 5

6 7

A

′

A

′

= [ ]

1 6

5 7

A−A

′

A−A

′

= [ ]− [ ] = [ ] = [ ]

1 5

6 7

1 6

5 7

1 − 1 5 − 6

6 − 5 7 − 7

0 −1

1 0
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3. Verify that  is skew symmetric :

To be skew symmetric,  should equal .

Calculate the transpose of :

Compare with :

Since , the matrix  is indeed skew symmetric.

Thus,  is a skew symmetric matrix.

16 Two bags I and II are given. Bag I contains 3 red and 4 black balls, while another bag II

contains 5 red and 6 black balls. One ball is drawn at random from one of the bags and it is

found to be red. Find the probability that it was drawn from Bag II.

Solution: 

To solve this problem, we will use Bayes' theorem. Let's define the events and probabilities:

- Let  be the event that the ball was drawn from Bag I.

- Let  be the event that the ball was drawn from Bag II.

- Let  be the event that a red ball is drawn.

We need to find , the probability that the ball was drawn from Bag II given that it is red.

Step 1: Calculate the prior probabilities

The ball can be drawn from either Bag I or Bag II with equal probability, so:

Step 2: Calculate the likelihoods

The probability of drawing a red ball given that it was drawn from Bag I:

The probability of drawing a red ball given that it was drawn from Bag II:

A−A

′

(A−A

′

)

′

−(A−A

′

)

A−A

′

(A−A

′

)

′

= [ ]

′

= [ ]

0 −1

1 0

0 1

−1 0

−(A−A

′

)

−(A−A

′

) = − [ ] = [ ]

0 −1

1 0

0 1

−1 0

(A−A

′

)

′

= −(A−A

′

) A−A

′

(A−A

′

)

A

1

A

2

B

P(A

2

|B)

P(A

1

) =

1

2

P(A

2

) =

1

2

P(B|A

1

) =

Number of red balls in Bag I

Total number of balls in Bag I

=

3

3 + 4

=

3

7
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Step 3: Calculate the total probability of drawing a red ball

Using the law of total probability:

Substitute the values:

To add these fractions, find a common denominator, which is :

Step 4: Apply Bayes' theorem

Bayes' theorem states:

Substitute the values:

Simplify the numerator:

Thus, the probability that the red ball was drawn from Bag II is:

OR

Three cards are drawn successively, without replacement from a pack of 52 well shuffled

cards. What is the probability that first two cards are kings and the third card drawn is an ace?

Solution: 

P(B|A

2

) =

Number of red balls in Bag II

Total number of balls in Bag II

=

5

5 + 6

=

5

11

P(B) = P(B|A

1

)P(A

1

) + P(B|A

2

)P(A

2

)

P(B) = (

3

7

)(

1

2

)+ (

5

11

)(

1

2

)

P(B) =

3

14

+

5

22

154

P(B) =

3 × 11

154

+

5 × 7

154

=

33

154

+

35

154

=

68

154

=

34

77

P(A

2

|B) =

P(B|A

2

)P(A

2

)

P(B)

P(A

2

|B) =

(

5

11

) (

1

2

)

34

77

P(A

2

|B) =

5

22

÷

34

77

=

5

22

×

77

34

=

5 × 77

22 × 34

=

385

748

=

55

107

P(A

2

|B) =

55

107
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To find the probability that the first two cards drawn are kings and the third card is an ace when

drawing three cards successively without replacement from a pack of 52 cards, we will use the

concept of conditional probability and multiplication of probabilities for successive events.

1. Total number of cards in the deck: 52

2. Number of kings in the deck: 4

3. Number of aces in the deck: 4

Step-by-Step Calculation:

1. Probability that the first card drawn is a king:

2. Probability that the second card drawn is a king (given the first was a king):

   After drawing one king, there are 3 kings left in a deck of 51 cards.

3. Probability that the third card drawn is an ace (given the first two were kings):

   After drawing two kings, there are 4 aces left in a deck of 50 cards.

Combined Probability:

To find the combined probability of these three events happening in succession, we multiply the

probabilities of each event:

Simplify each fraction:

Now multiply these simplified fractions:

P(First card is a king) =

4

52

=

1

13

P(Second card is a king | First card is a king) =

3

51

=

1

17

P(Third card is an ace | First two cards are kings) =

4

50

=

2

25

P(First two kings and third an ace) = (

4

52

)× (

3

51

)× (

4

50

)

= (

1

13

)× (

1

17

)× (

2

25

)

=

1

13

×

1

17

×

2

25

=

1 × 1 × 2

13 × 17 × 25

=

2

5525
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Therefore, the probability that the first two cards drawn are kings and the third card drawn is an ace

is:

17  Using integration, find the area enclosed by the circle .

Solution: 

To find the area enclosed by the circle  using integration, we will set up the integral in

polar coordinates because the circle is symmetric and can be easily described in this coordinate

system.

Step 1: Convert to Polar Coordinates

In polar coordinates, the equation of the circle  becomes:

Step 2: Set Up the Integral

The area  enclosed by the circle can be found by integrating in polar coordinates, where the

differential area element is .

To cover the entire circle,  ranges from 0 to  and  ranges from 0 to .

Step 3: Perform the Integration

The area  is given by the double integral:

1. Integrate with respect to  :

2. Integrate with respect to  :

Combine these results:

2

5525

x

2

+ y

2

= a

2

x

2

+ y

2

= a

2

x

2

+ y

2

= a

2

r

2

= a

2

r = a

A

r dr dθ

r a θ 2π

A

A = ∫

2π

0

∫

a

0

r dr dθ

r

∫

a

0

r dr = [

r

2

2

]

a

0

=

a

2

2

−

0

2

2

=

a

2

2

θ

∫

2π

0

dθ = [θ]

2π

0

= 2π− 0 = 2π

A = (

a

2

2

)× (2π) = πa

2
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The area enclosed by the circle  is:

OR

Using integration, find the area enclosed by the ellipse .

Solution: 

To find the area enclosed by the ellipse  using integration, we can use the symmetry of

the ellipse and set up an integral that spans the entire area.

Step 1: Parametrize the Ellipse

One common way to parametrize the ellipse is to use the following parametric equations:

where  ranges from  to .

Step 2: Set Up the Integral

The area  of the ellipse can be found by integrating the area element  over the region

enclosed by the ellipse.

In terms of the parametric equations, the area can be computed as:

However, it is more convenient to use a known result for parametrized curves. The area of a region

bounded by a parametric curve  is given by:

Step 3: Compute the Derivatives

First, compute  and :

x

2

+ y

2

= a

2

πa

2

x

2

a

2

+

y

2

b

2

= 1

x

2

a

2

+

y

2

b

2

= 1

x = a cos θ

y = b sin θ

θ 0 2π

A dx dy

A = ∫

2π

0

∫

r(θ)

0

r dr dθ

(x(θ), y(θ))

A = ∫

2π

0

1

2

(x

dy

dθ

− y

dx

dθ

)dθ

dx

dθ

dy

dθ

dx

dθ

=

d

dθ

(a cos θ) = −a sin θ
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Step 4: Substitute into the Integral

Substitute , , , and  into the area formula:

Simplify the integrand:

Since :

18 Find the equation of the curve passing through the point  whose differential equation

is .

Solution: 

To find the equation of the curve passing through the point  given the differential equation

, we can solve this differential equation by separating variables and then

integrating.

Step 1: Rewrite the Differential Equation

First, we rewrite the given differential equation in a form that allows us to separate the variables 

and :

dy

dθ

=

d

dθ

(b sin θ) = b cos θ

x y

dx

dθ

dy

dθ

A = ∫

2π

0

1

2

(a cos θ ⋅ b cos θ− b sin θ ⋅ (−a sin θ))dθ

A = ∫

2π

0

1

2

(ab cos

2

θ+ ab sin

2

θ)dθ

A =

ab

2

∫

2π

0

(cos

2

θ+ sin

2

θ)dθ

cos

2

θ+ sin

2

θ = 1

A =

ab

2

∫

2π

0

1 dθ

A =

ab

2

⋅ 2π

A = abπ

(1, 1)

xdy = (2x

2

+ 1)dx, (x ≠ 0)

(1, 1)

x dy = (2x

2

+ 1) dx

x

y

x dy = (2x

2

+ 1) dx
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Divide both sides by :

Step 2: Integrate Both Sides

Integrate both sides with respect to :

The left-hand side integrates to:

The integrals on the right-hand side are straightforward:

So we have:

Step 3: Determine the Constant of Integration

Use the initial condition that the curve passes through the point :

Since , this simplifies to:

Step 4: Write the Final Equation

Substitute the value of  back into the general Solution:

Thus, the equation of the curve passing through the point  is:

x

dy = (2x+

1

x

) dx

x

∫ dy = ∫ (2x+

1

x

) dx

y = ∫ 2x dx+ ∫

1

x

dx

∫ 2x dx = x

2

∫

1

x

dx = ln |x|

y = x

2

+ ln |x| + C

(1, 1)

1 = 1

2

+ ln |1| + C

ln 1 = 0

1 = 1 + C

C = 0

C

y = x

2

+ ln |x|

(1, 1)

y = x

2

+ ln |x|
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OR

Find the general Solution of differential equation .

Solution: 

To find the general Solution of the differential equation , we can use the method of

integrating factors.

Step 1: Identify the Integrating Factor

The given differential equation is in the standard linear form , where:

The integrating factor  is given by:

Since we are typically dealing with positive  in such contexts, we can simplify .

Step 2: Multiply through by the Integrating Factor

Multiply both sides of the differential equation by the integrating factor :

This can be rewritten as:

Step 3: Integrate Both Sides

Integrate both sides with respect to :

The left-hand side integrates to:

dy

dx

+

y

x

= x

2

dy

dx

+

y

x

= x

2

dy

dx

+ P(x)y = Q(x)

P(x) =

1

x

Q(x) = x

2

μ(x)

μ(x) = e

∫ P(x) dx

= e

∫

1

x

dx

= e

ln |x|

= |x|

x μ(x) = x

x

x

dy

dx

+

y

x

⋅ x = x ⋅ x

2

x

dy

dx

+ y = x

3

d

dx

(xy) = x

3

x

∫

d

dx

(xy) dx = ∫ x

3

dx

xy
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The right-hand side integrates to:

So we have:

Step 4: Solve for 

Divide both sides by  (assuming ):

19 Solve the following linear programming problem graphically :

Maximise 

Subject to the constraints :

Solution: 

To solve the linear programming problem graphically, we need to find the feasible region defined by

the constraints and then determine the values of  and  that maximize the objective function

.

Step 1: Plot the Constraints

1. 

2. 

3. 

4. 

Step 2: Graph the Constraints

Constraint 1: 

This is a line with the equation .

- When , .

- When , .

Plot these points and draw the line. The area below this line (including the line) is the feasible region

for this constraint.

Constraint 2: 

This is a line with the equation .

- When , .

- When , .

x

4

4

+ C

xy =

x

4

4

+ C

y

x x ≠ 0

y =

x

3

4

+

C

x

Z = 4x+ y

x+ y ≤ 50

3x+ y ≤ 90, x ≥ 0, y ≥ 0

x y

Z = 4x+ y

x+ y ≤ 50

3x+ y ≤ 90

x ≥ 0

y ≥ 0

x+ y ≤ 50

x+ y = 50

x = 0 y = 50

y = 0 x = 50

3x+ y ≤ 90

3x+ y = 90

x = 0 y = 90

y = 0 x = 30
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Plot these points and draw the line. The area below this line (including the line) is the feasible region

for this constraint.

Constraints 3 and 4:  and 

These constraints indicate that the feasible region is in the first quadrant.

Step 3: Identify the Feasible Region

The feasible region is the area that satisfies all constraints simultaneously. It is the intersection of the

areas defined by each inequality. This region will be a polygon, and its vertices (corner points) are

where we will evaluate the objective function .

Step 4: Find the Corner Points

1. Intersection of  and :

   Subtract (1) from (2):

   Substitute  into (1):

   So, the intersection point is .

2. Intersection of  and -axis:

   - When , . So, the point is .

3. Intersection of  and -axis:

   - When , . So, the point is .

4. Intersection of -axis:

   - For , when , . So, the point is .

   - For , when , . So, the point is .

Step 5: Evaluate the Objective Function at Each Corner Point

Evaluate  at each of these points:

1. At :

x ≥ 0 y ≥ 0

Z = 4x+ y

x+ y = 50 3x+ y = 90

x+ y = 50 (1)

3x+ y = 90 (2)

3x+ y− (x+ y) = 90 − 502x = 40x = 20

x = 20

20 + y = 50y = 30

(20, 30)

x+ y = 50 y

x = 0 y = 50 (0, 50)

3x+ y = 90 y

x = 0 y = 90 (0, 90)

x

x+ y = 50 y = 0 x = 50 (50, 0)

3x+ y = 90 y = 0 x = 30 (30, 0)

Z = 4x+ y

(0, 50)
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2. At :

3. At :

The maximum value of  is 120, which occurs at the point .

Thus, the Solution to the linear programming problem is:

OR

Maximize  subject to the constraints :

Solution: 

To solve the linear programming problem graphically and find the values of  and  that maximize

the objective function , subject to the given constraints, we will follow these steps:

1. Plot the constraints on a graph .

2. Identify the feasible region .

3. Find the corner points of the feasible region .

4. Evaluate the objective function  at each corner point .

5. Determine the maximum value of  and the corresponding values of  and  .

Step 1: Plot the Constraints

Constraint 1: 

Rewrite in slope-intercept form to plot the line:

Z = 4(0) + 50 = 50

(20, 30)

Z = 4(20) + 30 = 80 + 30 = 110

(30, 0)

Z = 4(30) + 0 = 120

Z = 4x+ y (30, 0)

(x, y) = (30, 0),  with Z = 120

Z = 3x+ 2y

x+ 2y ≤ 10, 3x+ y ≤ 15,x, y ≥ 0

x y

Z = 3x+ 2y

Z

Z x y

x+ 2y ≤ 10

x+ 2y = 10

2y = 10 − x

y = 5 −

x

2
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Constraint 2: 

Rewrite in slope-intercept form to plot the line:

Constraints 3 and 4:  and 

These constraints indicate that the feasible region is in the first quadrant.

Step 2: Identify the Feasible Region

The feasible region is where the inequalities intersect in the first quadrant. This region is bounded by

the lines , , the -axis, and the

-axis.

Step 3: Find the Corner Points

To find the corner points of the feasible region, we need to find the intersections of the lines:

1. Intersection of  and  :

Solve the system of equations:

Multiply (2) by 2 to eliminate :

Subtract (1) from this equation:

Substitute  into (1):

3x+ y ≤ 15

3x+ y = 15

y = 15 − 3x

x ≥ 0 y ≥ 0

x+ 2y = 10 3x+ y = 15 x

y

x+ 2y = 10 3x+ y = 15

x+ 2y = 10 (1)

3x+ y = 15 (2)

y

6x+ 2y = 30

6x+ 2y− (x+ 2y) = 30 − 10

5x = 20

x = 4

x = 4

4 + 2y = 10
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So, the intersection point is .

2. Intersection with the -axis ( ) :

For :

So, the point is .

For :

So, the point is .

3. Intersection with the -axis ( ) :

For :

So, the point is .

For :

2y = 6

y = 3

(4, 3)

x y = 0

x+ 2y = 10

x+ 2(0) = 10

x = 10

(10, 0)

3x+ y = 15

3x+ 0 = 15

x = 15/3 = 5

(5, 0)

y x = 0

x+ 2y = 10

0 + 2y = 10

y = 5

(0, 5)

3x+ y = 15

3(0) + y = 15

y = 15
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So, the point is , but since , it is not within the feasible region.

Step 4: Evaluate the Objective Function at Each Corner Point

Evaluate  at each of the feasible corner points , , , and :

1. At :

2. At :

3. At :

4. At :

20 If , show that 

Solution: 

Given , we need to show .

First, calculate the first derivative:

Given , we need to show that .

First, calculate the first and second derivatives:

(0, 15) y ≤ 5

Z = 3x+ 2y (0, 5) (4, 3) (10, 0) (5, 0)

(0, 5)

Z = 3(0) + 2(5) = 0 + 10 = 10

(4, 3)

Z = 3(4) + 2(3) = 12 + 6 = 18

(10, 0)

Z = 3(10) + 2(0) = 30 + 0 = 30

(5, 0)

Z = 3(5) + 2(0) = 15 + 0 = 15

y = 3 cos(logx) + 4 sin(logx) x

2

d

2

y

dx

2

+ x

dy

dx

+ y = 0

y = 3 cos(logx) + 4 sin(logx) x

2

d

2

y

dx

2

+ x

dy

dx

+ y = 0

dy

dx

= −

3 sin(logx)

x

+

4 cos(logx)

x

=

4 cos(logx) − 3 sin(logx)

x

.

y = 3 cos(logx) + 4 sin(logx) x

2

d

2

y

dx

2

+ x

dy

dx

+ y = 0

dy

dx

=

4 cos(logx) − 3 sin(logx)

x

,

d

2

y

dx

2

= −

3 cos(logx) + 4 sin(logx)

x

2

= −

y

x

2

.

x

2

(−

y

x

2

)+ x(

4 cos(logx) − 3 sin(logx)

x

)+ y
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Find the relationship between  and  so that the function  defined by

is continuous at .

Solution: 

To find the relationship between  and  such that the function  is continuous at , we need

to ensure that the left-hand limit and the right-hand limit of  at  are equal to the value of

the function at .

The function  is defined as:

Step 1: Calculate the Left-Hand Limit as  Approaches 3

The left-hand limit of  as  is given by the expression for :

Step 2: Calculate the Right-Hand Limit as  Approaches 3

The right-hand limit of  as  is given by the expression for :

Step 3: Set the Limits Equal to Each Other for Continuity

For  to be continuous at , the left-hand limit must equal the right-hand limit and also equal

the value of the function at :

Since  is given by the expression for :

Set the left-hand limit equal to the right-hand limit:

Step 4: Solve for the Relationship Between  and 

= −y+ (4 cos(logx) − 3 sin(logx)) + y = 0.

a b f

f(x) = {

ax+ 1  if  x ≤ 3

bx+ 3,  if  x > 3

x = 3

a b f(x) x = 3

f(x) x = 3

x = 3

f(x)

f(x) = {

ax+ 1 if x ≤ 3

bx+ 3 if x > 3

x

f(x) x→ 3

−

x ≤ 3

lim

x→3

−

f(x) = lim

x→3

−

(ax+ 1) = a(3) + 1 = 3a+ 1

x

f(x) x→ 3

+

x > 3

lim

x→3

+

f(x) = lim

x→3

+

(bx+ 3) = b(3) + 3 = 3b+ 3

f(x) x = 3

x = 3

lim

x→3

−

f(x) = lim

x→3

+

f(x) = f(3)

f(3) x ≤ 3

f(3) = a(3) + 1 = 3a+ 1

3a+ 1 = 3b+ 3

a b

3a+ 1 = 3b+ 3

3a− 3b = 2
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21 Evaluate

Solution: 

To evaluate the integral , we can use the method of substitution.

Step 1: Substitution

Let . Then  or .

When , .

When , .

Step 2: Transform the Integral

Now we can transform the integral into the new variable :

Notice the negative sign in  will reverse the limits of integration:

Step 3: Expand the Integrand

Expand the integrand:

Step 4: Integrate Term by Term

Now, we can integrate each term separately:

First Integral:

a− b =

2

3

∫

2

0

x

√

2 − xdx

∫

2

0

x
√
2 − x dx

u = 2 − x du = −dx dx = −du

x = 0 u = 2

x = 2 u = 0

u

∫

2

0

x

√

2 − x dx = ∫

0

2

(2 − u)
√
u(−du)

dx = −du

∫

0

2

(2 − u)
√
u(−du) = ∫

2

0

(2 − u)
√
u du

(2 − u)√u = 2√u− u√u

∫

2

0

(2
√
u− u

√
u) du = ∫

2

0

2
√
u du− ∫

2

0

u
√
u du

∫

2

0

2√u du = 2∫

2

0

u

1/2

du = 2[

2

3

u

3/2

]

2

0

=

4

3

[u

3/2

]

2

0
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Evaluate the bounds:

Second Integral:

Evaluate the bounds:

Step 5: Combine the Results

Combine the results of the two integrals:

To combine these fractions, find a common denominator:

The value of the integral is:

OR

Evaluate

Solution: 

To evaluate the integral , we will use integration by parts. Recall the formula for

integration by parts:

4

3

[(2)

3/2

− (0)

3/2

] =

4

3

⋅ 2

√

2 =

8
√
2

3

∫

2

0

u
√
u du = ∫

2

0

u

3/2

du = [

2

5

u

5/2

]

2

0

=

2

5

[u

5/2

]

2

0

2

5

[(2)

5/2

− (0)

5/2

] =

2

5

⋅ 4

√

2 =

8

√

2

5

∫

2

0

x

√

2 − x dx =

8

√

2

3

−

8

√

2

5

8

√

2

3

−

8

√

2

5

= 8

√

2(

1

3

−

1

5

)

= 8

√

2(

5 − 3

15

) = 8

√

2(

2

15

) =

16

√

2

15

16

√

2

15

∫ x tan

−1

xdx

∫ x tan

−1

x dx
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Here, we choose:

Then, we need to find  and :

Now, apply the integration by parts formula:

Simplify the integrand of the remaining integral:

Notice that:

So the integral becomes:

Evaluate the remaining integrals:

∫ u dv = uv− ∫ v du

u = tan

−1

x

dv = x dx

du v

du =

d

dx

(tan

−1

x) dx =

1

1 + x

2

dx

v = ∫ x dx =

x

2

2

∫ x tan

−1

x dx = tan

−1

x ⋅

x

2

2

− ∫

x

2

2

⋅

1

1 + x

2

dx

∫ x tan

−1

x dx =

x

2

2

tan

−1

x−

1

2

∫

x

2

1 + x

2

dx

x

2

1 + x

2

= 1 −

1

1 + x

2

∫ x tan

−1

x dx =

x

2

2

tan

−1

x−

1

2

∫ (1 −

1

1 + x

2

)dx

=

x

2

2

tan

−1

x−

1

2

(∫ 1 dx− ∫

1

1 + x

2

dx)

∫ 1 dx = x
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So we have:

Combine the terms:

Thus, the evaluated integral is:

where  is the constant of integration.

22 Find the shortest distance between lines

Solution: 

To find the shortest distance between the lines

and

use the formula for the shortest distance between two skew lines:

where  is the vector between a point on the first line and a point on the second line,  and  are

the direction vectors of the two lines.

∫

1

1 + x

2

dx = tan

−1

x

∫ x tan

−1

x dx =

x

2

2

tan

−1

x−

1

2

(x− tan

−1

x)

∫ x tan

−1

x dx =

x

2

2

tan

−1

x−

x

2

+

1

2

tan

−1

x

=

x

2

2

tan

−1

x+

1

2

tan

−1

x−

x

2

=

x

2

+ 1

2

tan

−1

x−

x

2

x

2

+ 1

2

tan

−1

x−

x

2

+ C

C

→r = 6

^

i+ 2

^

j+ 2

^

k+ λ(

^

i− 2

^

j+ 2

^

k) and →r = −4

^

i−

^

k+ μ(3

^

i− 2

^

j− 2

→r
1

= 6

^

i+ 2

^

j+ 2

^

k+ λ(

^

i− 2

^

j+ 2

^

k)

→r
2

= −4

^

i−

^

k+ μ(3

^

i− 2

^

j− 2

^

k),

Shortest distance =

|

→

d ⋅ (

→

b

1

×

→

b

2

)|

|

→

b

1

×

→

b

2

|

→

d

→

b

1

→

b

2
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1. Calculate .

2. Find :

Simplifying each term:

So, the cross product is:

3. Find :

4. Find the magnitude :

5. Finally, calculate the shortest distance:

OR

Find the value of  so that the lines  and  are

perpendicular.

Solution: 

To find the value of  such that the given lines are perpendicular, we need to determine the direction

vectors of each line and then use the fact that two lines are perpendicular if and only if their direction

vectors have a dot product of zero.

The given lines are:

→

d = (6

^

i+ 2

^

j+ 2

^

k) − (−4

^

i−

^

k) = 10

^

i+ 2

^

j+ 3

^

k

→
b

1

×

→
b

2

→

b

1

=

^

i− 2

^

j+ 2

^

k,

→

b

2

= 3

^

i− 2

^

j− 2

^

k

=

^

i (4 − (−4)) −

^

j (−2 − 6) +

^

k (−2 + 6)

=

^

i (4 + 4) −

^

j (−8) +

^

k (4)

= 8

^

i+ 8

^

j+ 4

^

k

→

b

1

×

→

b

2

= 8

^

i+ 8

^

j+ 4

^

k

→

d ⋅ (

→

b

1

×

→

b

2

)

→
d ⋅ (4

^

j+ 4

^

k) = 10 ⋅ 0 + 2 ⋅ 4 + 3 ⋅ 4 = 8 + 12 = 20.

|

→

b

1

×

→

b

2

|

|

→
b

1

×

→
b

2

| =

√

0

2

+ 4

2

+ 4

2

=
√
16 + 16 =

√

32 = 4

√

2.

Shortest distance =

20

4
√
2

=

20

4
√
2

×

√

2

√
2

=

20

√

2

8

=

5

√

2

2

.

P

1−x

3

=

7y−14

2P

=

z−3

2

7−7x

3P

=

y−5

1

=

6−z

5

P

1 − x

3

=

7y− 14

2P

=

z− 3

2

7 − 7x

3P

=

y− 5

1

=

6 − z

5
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Step 1: Find the direction vector of the first line

The direction ratios for the first line are given by the denominators:

So, the direction vector  is:

(Note: The minus sign appears because  decreases as the parameter increases.)

Step 2: Find the direction vector of the second line

The direction ratios for the second line are given by the denominators:

So, the direction vector  is:

Step 3: Dot product of the direction vectors

The lines are perpendicular if the dot product of their direction vectors is zero:

Simplify the dot product expression:

Combine the terms with :

So the equation becomes:

Solve for :

1 − x

3

=

7y− 14

2P

=

z− 3

2

→
d

1

→
d

1

= ⟨−3,

2P

7

, 2⟩

x

7 − 7x

3P

=

y− 5

1

=

6 − z

5

→

d

2

→

d

2

= ⟨−

3P

7

, 1,−5⟩

→

d

1

⋅

→

d

2

= (−3)(−

3P

7

)+ (

2P

7

)(1) + 2(−5) = 0

→
d

1

⋅

→
d

2

=

9P

7

+

2P

7

− 10 = 0

P

9P

7

+

2P

7

=

11P

7

11P

7

− 10 = 0

P

11P

7

= 10

11P = 70

7
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Thus, the value of  that makes the lines perpendicular is:

23 If ,

then verify that .

Solution: 

To verify that  for the given matrices  and , we will perform the following

steps:

1. Calculate .

2. Find .

3. Find  and .

4. Calculate .

5. Verify that .

Given matrices:

Step 1: Calculate 

Step 2: Find 

The inverse of a 2x2 matrix  is given by:

For :

P =

70

11

P

70

11

A = [ ],B = [ ]

2 3

1 −4

1 −2

−1 3

(AB)

−1

= B

−1

A

−1

(AB)

−1

= B

−1

A

−1

A B

AB

(AB)

−1

A

−1

B

−1

B

−1

A

−1

(AB)

−1

= B

−1

A

−1

A = [ ], B = [ ]

2 3

1 −4

1 −2

−1 3

AB

AB = [ ] [ ]

2 3

1 −4

1 −2

−1 3

AB = [ ]

2 ⋅ 1 + 3 ⋅ (−1) 2 ⋅ (−2) + 3 ⋅ 3

1 ⋅ 1 + (−4) ⋅ (−1) 1 ⋅ (−2) + (−4) ⋅ 3

= [ ] = [ ]

2 − 3 −4 + 9

1 + 4 −2 − 12

−1 5

5 −14

(AB)

−1

M = [ ]

a b

c d

M

−1

=

1

ad− bc

[ ]

d −b

−c a

AB
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The determinant of :

Thus:

Step 3: Find  and 

For :

The determinant of :

Thus:

For :

The determinant of :

Thus:

AB = [ ]

−1 5

5 −14

AB

det(AB) = (−1)(−14) − (5)(5) = 14 − 25 = −11

(AB)

−1

=

1

−11

[ ]

−14 −5

−5 −1

= [ ]

14

11

5

11

5

11

1

11

A

−1

B

−1

A

A = [ ]

2 3

1 −4

A

det(A) = 2(−4) − 3(1) = −8 − 3 = −11

A

−1

=

1

−11

[ ]

−4 −3

−1 2

= [ ]

4

11

3

11

1

11

−

2

11

B

B = [ ]

1 −2

−1 3

B

det(B) = 1(3) − (−2)(−1) = 3 − 2 = 1

B

−1

= [ ]

3 2

1 1
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Step 4: Calculate 

Step 5: Verify the Result

We have:

Thus, , verifying that the given identity holds true.

OR

Solve, given system of linear equations, using matrix method:

Solution: 

To solve the given system of linear equations using the matrix method, we can represent the system

as a matrix equation and then use the inverse of the coefficient matrix to find the Solution.

B

−1

A

−1

B

−1

= [ ]

3 2

1 1

A

−1

= [ ]

4

11

3

11

1

11

−

2

11

B

−1

A

−1

= [ ][ ]

3 2

1 1

4

11

3

11

1

11

−

2

11

= [ ]

3 ⋅

4

11

+ 2 ⋅

1

11

3 ⋅

3

11

+ 2 ⋅ −

2

11

1 ⋅

4

11

+ 1 ⋅

1

11

1 ⋅

3

11

+ 1 ⋅ −

2

11

= [ ]

12

11

+

2

11

9

11

−

4

11

4

11

+

1

11

3

11

−

2

11

= [ ]

14

11

5

11

5

11

1

11

(AB)

−1

= [ ]

14

11

5

11

5

11

1

11

B

−1

A

−1

= [ ]

14

11

5

11

5

11

1

11

(AB)

−1

= B

−1

A

−1

5x+ 2y = 4

7x+ 3y = 5
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The given system of equations is:

Step 1: Represent the System as a Matrix Equation

The system can be written in the form , where:

So the matrix equation is:

Step 2: Find the Inverse of the Coefficient Matrix 

To find , we use the formula for the inverse of a 2x2 matrix. For a matrix , the

inverse is given by:

For our matrix :

Calculate the determinant of :

Since the determinant is 1, the inverse of  is:

5x+ 2y = 4

7x+ 3y = 5

A→x =
→
b

A = [ ]

5 2

7 3

→
x = [ ]

x

y

→

b = [ ]

4

5

[ ] [ ] = [ ]

5 2

7 3

x

y

4

5

A

A

−1

A = [ ]

a b

c d

A

−1

=

1

ad− bc

[ ]

d −b

−c a

A

a = 5, b = 2, c = 7, d = 3

A

det(A) = ad− bc = 5(3) − 2(7) = 15 − 14 = 1

A

A

−1

=

1

1

[ ]

3 −2

−7 5
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Step 3: Solve for 

The Solution to the system is given by:

Substitute the values:

Perform the matrix multiplication:

A

−1

= [ ]

3 −2

−7 5

→
x

→x = A

−1

→

b

→x = [ ] [ ]

3 −2

−7 5

4

5

→
x = [ ]

3(4) + (−2)(5)

−7(4) + 5(5)

→x = [ ]

12 − 10

−28 + 25

→
x = [ ]

2

−3
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MP Board Class 12 Maths Question with
Solution - 2023

1. Choose and write the correct options :

(i) In the function , given by 

(a)  is one-one onto

(b)  is many-one onto

(c)  is one-one but not onto

(d)  is either one-one nor onto

Solution:

The function  is one-one because  implies . It is onto because for

any , there exists  such that . T

Hence, the correct option is (a)

(ii)  is equal to

(a) 

(b) 

(c) 

(d) 

Solution:

We know  and . Therefore,

.

Hence, the correct option is (b)

(iii) If  and , then the value of  is

(a) 

(b) 

(c) 

(d) 

f : R→ R f(x) = 5x

f

f

f

f

f(x) = 5x f(x

1

) = f(x

2

) x

1

= x

2

y ∈ R x =

y

5

∈ R f(x) = y

tan

−1

√

3 − sec

−1

(−2)

π

−

π

3

π

3

2π

3

tan

−1

√

3 =

π

3

sec

−1

(−2) =

2π

3

tan

−1

√
3 − sec

−1

(−2) =

π

3

−

2π

3

= −

π

3

A = [ ]

cosα −sinα

sinα cosα

A+A

′

= I α

π

6

π

3

π

3π

2
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Solution:

Given the matrix :

And the condition , where  is the transpose of  and  is the identity matrix:

So,

Given :

Thus, we have:

The value of  for  is:

Hence, the correct option is (b)

(iv) If  is a square matrix of order , then  is equal to

(a) 

(b) 

(c) 

(d) 

Solution:

If  is a square matrix of order , the determinant of a scalar multiple of , specifically , is

given by , where  is the order of the matrix.

A

A = [ ]

cosα −sinα

sinα cosα

A+A

′

= I A

′

A I

A

′

= [ ]

cosα sinα

−sinα cosα

A+A

′

= [ ]+ [ ] = [ ]

cosα −sinα

sinα cosα

cosα sinα

−sinα cosα

2 cosα 0

0 2 cosα

A+A

′

= I

[ ] = [ ]

2 cosα 0

0 2 cosα

1 0

0 1

2 cosα = 1

cosα =

1

2

α cosα =

1

2

α =

π

3

A 2 × 2 |5A|

5|A|

25|A|

125|A|

15|A|

A 2 × 2 A kA

(k

n

) ⋅ |A| n
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Here,  and the order . Thus,

Hence, the correct option is (b)

(v) If , then  is

(a) 0

(b) 0.5

(c) not defined

(d) 1

Solution:'

The conditional probability  is defined as:

However, since , the denominator of the fraction is zero, making the expression undefined.

Hence, the correct option is (c)

(vi) If , then  is equal to

(a) 6

(b) 

(c) -6

(d) 0

Solution:

To find the value of  that satisfies the determinant equation , we need to compute the

determinant of the matrix and set it equal to zero.

The determinant of the matrix  is calculated as:

k = 5 n = 2

|5A| = 5

2

⋅ |A| = 25|A|

P(A) = 0.5,P(B) = 0 P(A ∣ B)

P(A ∣ B)

P(A ∣ B) =

P(A ∩B)

P(B)

P(B) = 0

= 0

∣
x 2

18 x

∣
x

±6

x = 0

∣
x 2

18 x

∣
[ ]

x 2

18 x

det( ) = x ⋅ x− 2 ⋅ 18

x 2

18 x
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Set the determinant equal to zero:

Solve for :

So, the value of  is:

Hence, the correct option is (b)

2  Fill in the blanks :

(i) If  then=______________

(ii) Rate of change of area of circle per second with respect to its radius  when  will

be .______________

(iii) 

(iv) The number of arbitrary constants in the particular solution of a differential equation of

third order are ______________.

(v) The vector sum of the three sides of a triangle taken in order is ______________

(vi) The direction cosines of  and -axis are ______________ respectively.

(vii) 

Solution:

(i) 

(ii) Rate of change of area when  is 

(iii) 

(iv) The number of arbitrary constants is 0

(v) The vector sum of the three sides of a triangle is 0

(vi) The direction cosines are (1, 0, 0), (0, 1, 0), (0, 0, 1)

= x

2

− 36

x

2

− 36 = 0

x

x

2

= 36

x = ±6

x

±6

y =

√

e

√x

,x > 0

r r = 5 cm

∫ (sin

−1

x+ cos

−1

x)dx =

x, y z

∫ e

x

[f(x) + f

′

(x)]dx =

dy

dx

=

e

√x/2

4√x

r = 5 cm 10π cm

2

/s

∫ (sin

−1

x+ cos

−1

x) dx =

π

2

x+ C
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(vii) 

3 Match the correct pairs :

Column 'A'                                                                                               Column 'B'

(i)                                                                           (a) 

(ii)                                                                          (b) 

(iii)                                                                         (c) 

(iv)                                                                            (d) 

(v)                                                 (e) 

(vi) Derrivative of                                                        (f)  with respect to          
                     

                                                                                                     (g) 

Solution:

The correct pairs matched:

(i)  corresponds to 

(ii)  corresponds to 

(iii)  corresponds to 

(iv)  corresponds to 

(v)  corresponds to 

(vi) Derivative of  with respect to  corresponds to 

So, the matched pairs are:

(i)  - (f) 

(ii)  - (a) 

(iii)  - (g) 

(iv)  - (e) 

(v)  - (d) 

∫ e

x

[f(x) + f

′

(x)] dx = e

x

f(x) + C

∫ tanxdx log | sinx| + c

∫ cotxdx cos 2x

∫ secxdx sec

2

x

∫ cosecxdx 2 cos 2x

∣
cosx sinx

sinx cosx

∣
log | cosecx− cotx| + c

sin 2x − log | cosx| + c x

log | secx+ tanx| + c

∫ tanx dx (f) − log | cosx| + c

∫ cotx dx (a) log | sinx| + c

∫ secx dx (g) log | secx+ tanx| + c

∫ cscx dx (e) log | cscx− cotx| + c

∣
cosx sinx

sinx cosx

∣
(d) cos 2x

sin 2x x (b) 2 cos 2x

∫ tanx dx − log | cosx| + c

∫ cotx dx log | sinx| + c

∫ secx dx log | secx+ tanx| + c

∫ cscx dx log | cscx− cotx| + c

∣
cosx sinx

sinx cosx

∣
cos 2x
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(vi) Derivative of  with respect to  - (b) 

4 Give answers in one word / sentence each :

(i) What is trivial relation?

(ii) Find the principal value of .

(iii) What is column matrix ?

(iv) Find magnitude of the vector .

(v) If  and  are two independent events with  and  then find

.

(vi) Find the value of .

(vii) The total revenue in Rupees received from the sale of  units of a product is given by

. Find the marginal revenue when .

Solution:

(i) A trivial relation is a relation in which every element of the set is related only to itself.

(ii) The principal value of  is .

(iii) A column matrix is a matrix with only one column.

(iv) The magnitude of the vector  is .

(v) , because  and  are independent events.

(vi) The value of  is 0, for .

(vii) The marginal revenue when  is , so .

5 Write true or false in the following statements :

(i) Order of differential equation  is 2 .

(ii) Angle between vectors  and  is .

(iii) Integrating factor of differential equation  is .

(iv)  is onto function then range of 

(v) 

(vi) If  and  then order of  will be .

sin 2x x 2 cos 2x

sin

−1

(

1

√

2

)

^

i+

^

j+

^

k

A B P(A) = 0.3 P(B) = 0.4

P(B ∣ A)

cos (sec

−1

x+ cosec

−1

x), |x| ≥ 1

x

R(x) = 3x

2

+ 36x+ 5 x = 15

sin

−1

(

1

√

2

)

π

4

^

i+

^

j+

^

k

√

3

P(B ∣ A) = 0.4 A B

cos (sec

−1

x+ csc

−1

x) |x| ≥ 1

x = 15 R

′

(15) = 6x+ 36 R

′

(15) = 6(15) + 36 = 126

xy

d

2

y

dx

2

+ x(

dy

dx

)

2

− y

dy

dx

= 0

→a =
^

i+

^

j−

^

k

→
b =

^

i−

^

j+

^

k 60

∘

dy

dx

− y = cosx e

−x

f : x→ y f = y

tan

−1

1

2

+ tan

−1

1

3

= tan

−1

1

5

A = [a

ij

]

m×n

B = [b

ij

]

n×p

AB m× p
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Solution:

(i) True. The order of the differential equation  is 2, as the highest

derivative present is .

(ii) False. The angle between the vectors  and  is not .

(iii) False. The integrating factor of the differential equation  is .

(iv) True. If  is an onto function, then the range of  is .

(v) True. .

(vi) True. If  and , then the order of  will be .

6 If  and 

be a function from  to . then show that  is one-one.

Solution:

To show that the function  from  to  is one-

one (injective), we need to demonstrate that if , then .

Definition of One-One Function:

A function  is called one-one (injective) if for all ,

Given Function :

Let's analyze the given function:

- 

- 

- 

To prove  is injective, we assume:

Step-by-Step Verification:

1. If , then  because  and no other element in  maps to 4.

2. If , then  because  and no other element in  maps to 5.

3. If , then  because  and no other element in  maps to 6.

Thus,  holds for all . Therefore,  is injective.

xy

d

2

y

dx

2

+ x(

dy

dx

)

2

− y

dy

dx

= 0

d

2

y

dx

2

→a =
^

i+

^

j−

^

k

→

b =

^

i−

^

j+

^

k 60

∘

dy

dx

− y = cosx e

x

f : x→ y f y

tan

−1

1

2

+ tan

−1

1

3

= tan

−1

1

1+(

1

2

)(

1

3

)

= tan

−1

1

5

A = [a

ij

]

m×n

B = [b

ij

]

n×p

AB m× p

A = {1, 2, 3},B = {4, 5, 6, 7} f = {(1, 4), (2, 5), (3, 6)}

A B f

f = {(1, 4), (2, 5), (3, 6)} A = {1, 2, 3} B = {4, 5, 6, 7}

f(a

1

) = f(a

2

) a

1

= a

2

f : A→ B a

1

, a

2

∈ A

f(a

1

) = f(a

2

) ⟹ a

1

= a

2

f

f = {(1, 4), (2, 5), (3, 6)}

f(1) = 4

f(2) = 5

f(3) = 6

f

f(a

1

) = f(a

2

)

f(a

1

) = 4 a

1

= 1 f(1) = 4 A

f(a

1

) = 5 a

1

= 2 f(2) = 5 A

f(a

1

) = 6 a

1

= 3 f(3) = 6 A

f(a

1

) = f(a

2

) ⟹ a

1

= a

2

a

1

, a

2

∈ A f
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:

The function  is one-one (injective).

OR

Examine that the relation  in the set  given by ,

 is reflexive and transitive but not symmetric.

Solution:

Let's analyze the given relation  on the set

 to determine if it is reflexive, transitive, and symmetric.

Reflexive

A relation  on a set  is reflexive if every element is related to itself, i.e.,  for all .

The set . We need to check if , , , and  are in :

- 

- 

- 

- 

Since all elements  are in , the relation  is reflexive.

Transitive

A relation  on a set  is transitive if whenever  and , then  for all

.

We need to check the transitivity for all pairs in :

-  and  imply  (which is true)

-  and  imply  (which is true)

-  and  imply  (which is true)

-  and  imply  (which is true)

Since for all pairs  and  in , the pair  is also in , the relation  is transitive.

Symmetric

A relation  on a set  is symmetric if whenever , then  for all .

We need to check the symmetry for all pairs in :

- , but  (not symmetric)

- , and  (symmetric)

- , and  (symmetric)

- , and  (symmetric)

- , but  (not symmetric)

- , and  (symmetric)

- , but  (not symmetric)

f = {(1, 4), (2, 5), (3, 6)}

R {1, 2, 3, 4} R = {(1, 2)

(2, 2), (1, 1), (4, 4), (1, 3), (3, 3), (3, 2)}

R = {(1, 2), (2, 2), (1, 1), (4, 4), (1, 3), (3, 3), (3, 2)}

{1, 2, 3, 4}

R A (a, a) ∈ R a ∈ A

A = {1, 2, 3, 4} (1, 1) (2, 2) (3, 3) (4, 4) R

(1, 1) ∈ R

(2, 2) ∈ R

(3, 3) ∈ R

(4, 4) ∈ R

(1, 1), (2, 2), (3, 3), (4, 4) R R

R A (a, b) ∈ R (b, c) ∈ R (a, c) ∈ R

a, b, c ∈ A

R

(1, 2) ∈ R (2, 2) ∈ R (1, 2) ∈ R

(1, 3) ∈ R (3, 2) ∈ R (1, 2) ∈ R

(1, 2) ∈ R (2, 2) ∈ R (1, 2) ∈ R

(3, 2) ∈ R (2, 2) ∈ R (3, 2) ∈ R

(a, b) (b, c) R (a, c) R R

R A (a, b) ∈ R (b, a) ∈ R a, b ∈ A

R

(1, 2) ∈ R (2, 1) ∉ R

(2, 2) ∈ R (2, 2) ∈ R

(1, 1) ∈ R (1, 1) ∈ R

(4, 4) ∈ R (4, 4) ∈ R

(1, 3) ∈ R (3, 1) ∉ R

(3, 3) ∈ R (3, 3) ∈ R

(3, 2) ∈ R (2, 3) ∉ R
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Since there are pairs  for which , the relation  is not symmetric.

The relation  is reflexive and transitive but not symmetric.

7 Prove that 

Solution:

To prove that  for , let's start by understanding the properties

of the inverse sine function and the sine function.

Properties of the Sine Function

The sine function is an odd function, which means:

Properties of the Inverse Sine Function

The inverse sine function, , is defined such that:

where  is in the principal range .

Proof

Let . By definition:

where .

Now consider :

Let . By definition:

where .

We need to show that .

Since , we have:

Given that  and , and knowing that the inverse sine function is unique in

its principal range, we have:

(a, b) ∈ R (b, a) ∉ R R

R

sin

−1

(−x) = − sin

−1

x;x ∈ [−11]

sin

−1

(−x) = − sin

−1

(x) x ∈ [−1, 1]

sin(−θ) = − sin(θ)

sin

−1

(x)

y = sin

−1

(x) ⟹ sin(y) = x

y [−

π

2

,

π

2

]

y = sin

−1

(x)

sin(y) = x

y ∈ [−

π

2

,

π

2

]

sin

−1

(−x)

z = sin

−1

(−x)

sin(z) = −x

z ∈ [−

π

2

,

π

2

]

z = −y

sin(y) = x

sin(−y) = − sin(y) = −x

sin(z) = −x sin(−y) = −x
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Therefore:

This completes the proof.

OR

Prove that 

Solution:

To prove that  for , we can use the definitions and properties of

the inverse sine and inverse cosine functions.

Proof

Let:

By definition, this means:

where .

We need to show that:

Consider:

By definition, this means:

where .

Relationship Between  and 

Since  and , we need to relate  and .

Using the Pythagorean identity for sine and cosine:

z = −y

sin

−1

(−x) = − sin

−1

(x)

sin

−1

x+ cos

−1

x =

π

2

;x ∈ [ ]−1 1

sin

−1

x+ cos

−1

x =

π

2

x ∈ [−1, 1]

y = sin

−1

x

sin(y) = x

y ∈ [−

π

2

,

π

2

]

sin

−1

x+ cos

−1

x =

π

2

z = cos

−1

x

cos(z) = x

z ∈ [0,π]

y z

sin(y) = x cos(z) = x y z
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Since , we have:

This implies:

For , the cosine function is in the range .

Now, we know:

This implies:

Sum of Inverse Sine and Inverse Cosine

Now consider:

By the property of the trigonometric functions, we know that for any angle :

This relationship means:

Thus:

Therefore, we have shown that:

sin

2

(y) + cos

2

(y) = 1

sin(y) = x

x

2

+ cos

2

(y) = 1

cos

2

(y) = 1 − x

2

cos(y) = ±

√

1 − x

2

cos

−1

(x) [0,π]

cos(z) = x

z = cos

−1

x

y+ z = sin

−1

x+ cos

−1

x

θ

sin(θ) = x

cos(

π

2

− θ) = x

cos

−1

(x) =

π

2

− sin

−1

(x)

y+ z = sin

−1

x+ cos

−1

x = sin

−1

x+ (

π

2

− sin

−1

x) =

π

2

sin

−1

x+ cos

−1

x =

π

2
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for .

This completes the proof.

8 If  and , then find .

Solution:

To find , we first need to calculate the sum of matrices  and , and then find the

transpose of the resulting matrix.

Given matrices:

Step 1: Calculate 

Add corresponding elements:

Step 2: Find the Transpose 

The transpose of a matrix is obtained by swapping its rows and columns. Therefore:

Swap the rows and columns:

So, the transpose of  is:

OR

x ∈ [−1, 1]

A = [ ]

−2 3

1 2

B = [ ]

−1 0

1 2

(A+B)

′

(A+B)

′

A B

A = [ ]

−2 3

1 2

B = [ ]

−1 0

1 2

A+B

A+B = [ ]+ [ ]

−2 3

1 2

−1 0

1 2

A+B = [ ] = [ ]

−2 + (−1) 3 + 0

1 + 1 2 + 2

−3 3

2 4

(A+B)

′

(A+B)

′

= [ ]

′

−3 3

2 4

(A+B)

′

= [ ]

−3 2

3 4

A+B

[ ]

−3 2

3 4
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If , then find .

Solution:

To find the product  where  and  are given matrices, we follow the rules of matrix

multiplication. 

Given:

Matrix  is a  column matrix and matrix  is a  row matrix. The product  will be a

 matrix.

Matrix Multiplication

To find , we multiply each element of the column matrix  by each element of the row matrix .

Calculate each element:

So, the product  is:

9 Differentiate  with respect to .

Solution:

To differentiate  with respect to , we can use logarithmic differentiation. 

Let's start by letting .

A = ,B = [ ]

⎡

⎢
⎣

1

−4

3

⎤

⎥
⎦

−1 2 1 AB

AB A B

A = , B = [ ]

⎡

⎢
⎣

1

−4

3

⎤

⎥
⎦

−1 2 1

A 3 × 1 B 1 × 3 AB

3 × 3

AB = [ ]

⎡

⎢
⎣

1

−4

3

⎤

⎥
⎦

−1 2 1

AB A B

AB = [ ] =

⎡

⎢
⎣

1

−4

3

⎤

⎥
⎦

−1 2 1

⎡

⎢
⎣

1 ⋅ (−1) 1 ⋅ 2 1 ⋅ 1

−4 ⋅ (−1) −4 ⋅ 2 −4 ⋅ 1

3 ⋅ (−1) 3 ⋅ 2 3 ⋅ 1

⎤

⎥
⎦

AB =

⎡

⎢
⎣

−1 2 1

4 −8 −4

−3 6 3

⎤

⎥
⎦

AB

⎡

⎢
⎣

−1 2 1

4 −8 −4

−3 6 3

⎤

⎥
⎦

X

X

X

X

X

X

y = X

X
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Step 1: Take the Natural Logarithm of Both Sides

Using the property of logarithms , we get:

Step 2: Differentiate Both Sides with Respect to 

We differentiate implicitly with respect to :

The left-hand side is:

The right-hand side uses the product rule:

So, we have:

Step 3: Solve for 

Multiply both sides by :

Recall that :

Final Answer

The derivative of  with respect to  is:

ln y = ln(X

X

)

ln(a

b

) = b ln a

ln y = X lnX

X

X

d

dX

(ln y) =

d

dX

(X lnX)

1

y

dy

dX

d

dX

(X lnX) =

d

dX

(X) ⋅ lnX +X ⋅

d

dX

(lnX)

= 1 ⋅ lnX +X ⋅

1

X

= lnX + 1

1

y

dy

dX

= lnX + 1

dy

dX

y

dy

dX

= y(lnX + 1)

y = X

X

dy

dX

= X

X

(lnX + 1)

X

X

X
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 OR

If  then find .

Solution:

To find  for , we will use implicit differentiation and the chain rule.

Given:

Let:

Then:

Step 1: Differentiate  with respect to 

Using the chain rule:

Step 2: Differentiate  with respect to 

Using the quotient rule, where :

Differentiate the numerator and denominator:

X

X

(lnX + 1)

y = sin

−1

(

2x

1+x

2

)

dy

dx

dy

dx

y = sin

−1

(

2x

1+x

2

)

y = sin

−1

(

2x

1 + x

2

)

u =

2x

1 + x

2

y = sin

−1

(u)

y = sin

−1

(u) x

dy

dx

=

d

dx

(sin

−1

(u)) =

1

√
1 − u

2

⋅

du

dx

u =

2x

1+x

2

x

u =

2x

1+x

2

du

dx

=

(1 + x

2

) ⋅

d

dx

(2x) − 2x ⋅

d

dx

(1 + x

2

)

(1 + x

2

)

2

du

dx

=

(1 + x

2

) ⋅ 2 − 2x ⋅ 2x

(1 + x

2

)

2

du

dx

=

2 + 2x

2

− 4x

2

(1 + x

2

)

2
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Step 3: Substitute  and  into the expression for 

We have:

Simplify the expression inside the square root:

10 Show that the function given by  is increasing on .

Solution:

To show that the function  is increasing on  (the set of all real numbers), we need

to show that its derivative is non-negative for all .

Step 1: Compute the Derivative

The derivative of the function  with respect to  is:

Since the derivative of a constant is zero and the derivative of  is , we get:

Step 2: Analyze the Derivative

The derivative  is a constant and is always positive:

du

dx

=

2 − 2x

2

(1 + x

2

)

2

du

dx

=

2(1 − x

2

)

(1 + x

2

)

2

u

du

dx

dy

dx

dy

dx

=

1

√

1 − (

2x

1+x

2

)

2

⋅

2(1 − x

2

)

(1 + x

2

)

2

(

2x

1 + x

2

)

2

=

4x

2

(1 + x

2

)

2

1 − (

2x

1 + x

2

)

2

=

(1 − x

2

)

2

(1 + x

2

)

2

√

1 − (

2x

1 + x

2

)

2

=

1 − x

2

1 + x

2

dy

dx

=

2

1 + x

2

f(x) = 12x− 3 R

f(x) = 12x− 3 R

x ∈ R

f(x) = 12x− 3 x

f

′

(x) =

d

dx

(12x− 3)

12x 12

f

′

(x) = 12

f

′

(x) = 12
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Since the derivative  is positive for all , the function  is strictly increasing

on the entire set of real numbers .

Therefore,  is increasing on .

OR

Show that the function given by  is increasing on .

Solution:

To show that the function  is increasing on  (the set of all real numbers), we need to

analyze its derivative. If the derivative of the function is positive for all , then the function is

increasing.

Step 1: Compute the Derivative

The derivative of the function  with respect to  is found using the chain rule.

The chain rule states that if  and , then

Here,  and , so

Step 2: Analyze the Derivative

The derivative  is always positive because the exponential function  is always positive

for all , and multiplying it by 3 does not change its sign.

Since the derivative  is positive for all , the function  is strictly increasing on

the entire set of real numbers .

Therefore,  is increasing on .

11 Evaluate

f

′

(x) = 12 > 0 for all x ∈ R

f

′

(x) x ∈ R f(x) = 12x− 3

R

f(x) = 12x− 3 R

f(x) = e

3x

R

f(x) = e

3x

R

x ∈ R

f(x) = e

3x

x

f(x) = e

3x

f(x) = e

g(x)

g(x) = 3x

f

′

(x) = e

g(x)

⋅ g

′

(x)

g(x) = 3x g

′

(x) = 3

f

′

(x) = e

3x

⋅ 3 = 3e

3x

f

′

(x) = 3e

3x

e

3x

x ∈ R

f

′

(x) = 3e

3x

> 0 for all x ∈ R

f

′

(x) x ∈ R f(x) = e

3x

R

f(x) = e

3x

R

∫

1

−1

sin

5

x cos

4

xdx
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Solution:

To evaluate the integral , we can use symmetry and properties of definite

integrals.

Step 1: Symmetry Consideration

Notice that the integrand  is an odd function. To check if the integrand is odd, we

substitute  with :

Since  is an odd function, and the integral of an odd function over a symmetric interval

 is zero, we can conclude:

Thus, for our specific integral:

Therefore, the value of the integral is:

OR

Evaluate

Solution:

To evaluate the integral , we need to consider the behavior of the integrand 

. The absolute value function will split the integral into different parts where the expression inside the

absolute value changes sign.

Step 1: Find the Roots of 

Set  to find where the integrand changes sign:

The roots are:

∫

1

−1

sin

5

x cos

4

x dx

sin

5

x cos

4

x

x −x

sin

5

(−x) cos

4

(−x) = (sin(−x))

5

(cos(−x))

4

= (− sinx)

5

(cosx)

4

= −sin

5

x cos

4

x

sin

5

x cos

4

x

[−a, a]

∫

a

−a

f(x) dx = 0 if f(x) is odd

∫

1

−1

sin

5

x cos

4

x dx = 0

0

∫

2

−1

x

3

− x dx

∣ ∣
∫

2

−1

x

3

− x dx

∣ ∣
x

3

− x

∣ ∣
x

3

− x

x

3

− x = 0

x(x

2

− 1) = 0

x(x− 1)(x+ 1) = 0
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Step 2: Determine the Sign of  in Each Interval

We analyze the sign of  in each interval determined by the roots  and :

1. For :

   Hence, .

2. For :

   Hence, .

3. For :

   Hence, .

Step 3: Set Up the Integral with the Correct Signs

Split the integral at the points :

Simplify the integrals:

Step 4: Evaluate Each Integral

1. Evaluate  :

2. Evaluate  :

x = −1,x = 0,x = 1

x

3

− x

x

3

− x −1, 0, 1

x ∈ [−1, 0]

x

3

− x ≤ 0

|x

3

− x| = −(x

3

− x)

x ∈ [0, 1]

x

3

− x ≤ 0

|x

3

− x| = −(x

3

− x)

x ∈ [1, 2]

x

3

− x ≥ 0

|x

3

− x| = x

3

− x

−1, 0, 1

∫

2

−1

x

3

− x dx = ∫

0

−1

−(x

3

− x) dx+ ∫

1

0

−(x

3

− x) dx+ ∫

2

1

(x

3

− x) dx

∣ ∣
∫

2

−1

x

3

− x dx = ∫

0

−1

(−x

3

+ x) dx+ ∫

1

0

(−x

3

+ x) dx+ ∫

2

1

(x

3

− x) dx

∣ ∣
∫

0

−1

(−x

3

+ x)dx

∫

0

−1

(−x

3

+ x)dx = [−

x

4

4

+

x

2

2

]

0

−1

= 0 +

1

4

=

1

4

∫

1

0

(−x

3

+ x)dx
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3. Evaluate  :

12 Find the Projection of vector  on the vector 

Solution:

It looks like your question got cut off. Assuming you meant to ask for the projection of

 on the vector , here is the solution:

Step 1: Define the Vectors

Step 2: Use the Projection Formula

The projection of  onto  is given by:

Step 3: Calculate the Dot Products

First, compute :

Then, compute :

Step 4: Calculate the Projection

Substitute the dot products into the projection formula:

Since , we have:

∫

1

0

(−x

3

+ x)dx = [−

x

4

4

+

x

2

2

]

1

0

=

1

4

∫

2

1

(x

3

− x)dx

∫

2

1

(x

3

− x)dx = [

x

4

4

−

x

2

2

]

2

1

=

9

4

→a =
^

i+ 2

^

j+ 3

^

k

→

b = 2

^

i+

→
a =

^

i+ 2

^

j+ 3

^

k

→

b = 2

^

i

→
a =

^

i+ 2

^

j+ 3

^

k

→

b = 2

^

i

→
a

→

b

proj

→

b

→
a =

→a ⋅

→

b

→

b ⋅

→

b

→

b

→a ⋅
→
b

→
a ⋅

→

b = (1)(2) + (2)(0) + (3)(0) = 2

→

b ⋅

→

b

→

b ⋅

→

b = (2)(2) + (0)(0) + (0)(0) = 4

proj

→

b

→a =

2

4

→

b =

1

2

→

b

→

b = 2

^

i
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Therefore, the projection of  on  is:

 OR

Find the area of a parallelogram whose adjacent sides are given by the vectors 

and .

Solution:

To find the area of a parallelogram whose adjacent sides are given by the vectors  and

, we need to compute the magnitude of the cross product of  and .

Step 1: Calculate the Cross Product 

Using the determinant of a  matrix, we get:

Step 2: Calculate the Magnitude of the Cross Product

The magnitude of  is:

proj

→

b

→
a =

1

2

(2

^

i) =

^

i

→
a

→

b

^

i

→a =
^

i−

^

j+ 3

^

k

→

b = 2

^

i− 7

^

j+

^

k

→
a =

^

i−

^

j+ 3

^

k

→
b = 2

^

i− 7

^

j+

^

k →a
→
b

→a×

→

b

→a×

→

b =

∣
^

i

^

j

^

k

1 −1 3

2 −7 1

∣
3 × 3

→a×

→

b =

^

i ((−1)(1) − (3)(−7)) −

^

j ((1)(1) − (3)(2)) +

^

k ((1)(−7) − (−1)(2))

→a×

→

b =

^

i (−1 + 21) −

^

j (1 − 6) +

^

k (−7 + 2)

→
a×

→

b =

^

i(20) −

^

j(−5) +

^

k(−5)

→
a×

→

b = 20

^

i+ 5

^

j− 5

^

k

→
a×

→

b

|→a×

→

b| =

√

(20)

2

+ (5)

2

+ (−5)

2

|
→
a×

→

b| =

√

400 + 25 + 25

|
→
a×

→

b| =

√

450

|→a×
→
b| =

√

9 × 50

|→a×

→

b| = 3

√

50

|
→
a×

→

b| = 3

√

25 × 2
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The area of the parallelogram is given by the magnitude of the cross product:

13 Show that for any two vectors  and  always 

Solution:

To show that for any two vectors  and , the inequality  holds, we can use the Cauchy-

Schwarz inequality.

Cauchy-Schwarz Inequality

The Cauchy-Schwarz inequality states that for any vectors  and  in an inner product space:

Proof Using Cauchy-Schwarz Inequality

1. Definition of Dot Product and Magnitudes:

   - The dot product  is defined as:

for  and .

   - The magnitudes of  and  are:

2. Applying Cauchy-Schwarz Inequality:

   By the Cauchy-Schwarz inequality, we have:

|
→
a×

→

b| = 3 × 5

√

2

|→a×
→
b| = 15

√

2

15

√

2

→
a

→

b |
→
a ⋅

→

b| ≤ |
→
a||

→

b|

→
a

→

b |
→
a ⋅

→

b| ≤ |
→
a||

→

b|

→
a

→

b

|→a ⋅

→

b| ≤ |→a||

→

b|

→
a ⋅

→

b

→a ⋅
→
b = a

1

b

1

+ a

2

b

2

+ a

3

b

3

→
a =

⎡

⎢
⎣

a

1

a

2

a

3

⎤

⎥
⎦

→

b =

⎡

⎢
⎣

b

1

b

2

b

3

⎤

⎥
⎦

→a

→

b

|
→
a| =

√

a

2

1

+ a

2

2

+ a

2

3

|

→

b| =

√

b

2

1

+ b

2

2

+ b

2

3
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   - The dot product  is:

   - The dot product  is:

   Substituting these into the inequality, we get:

3. Taking the Square Root of Both Sides:

   Taking the square root of both sides of the inequality:

   - Since , we get:

Therefore, we have shown that for any two vectors  and :

  OR

Find the value of  for which  is a unit vector.

Solution:

To find the value of  for which the vector  is a unit vector, we need to ensure that

the magnitude of  is equal to 1.

(
→
a ⋅

→

b)

2

≤ (
→
a ⋅

→
a)(

→

b ⋅

→

b)

→
a ⋅

→
a

→
a ⋅

→
a = a

2

1

+ a

2

2

+ a

2

3

= |
→
a|

2

→

b ⋅

→

b

→

b ⋅

→

b = b

2

1

+ b

2

2

+ b

2

3

= |

→

b|

2

(→a ⋅

→

b)

2

≤ |→a|

2

|

→

b|

2

√

(
→
a ⋅

→

b)

2

≤

√

|
→
a|

2

|

→

b|

2

√

x

2

= |x|

|
→
a ⋅

→

b| ≤ |
→
a||

→

b|

→
a

→

b

|
→
a ⋅

→

b| ≤ |
→
a||

→

b|

x x(

^

i+

^

j+

^

k)

x →v = x(

^

i+

^

j+

^

k)

→
v
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Step 1: Express the Vector

Step 2: Calculate the Magnitude of the Vector

The magnitude of  is given by:

First, calculate the magnitude of :

So the magnitude of  is:

Step 3: Set the Magnitude Equal to 1

For  to be a unit vector, its magnitude must be 1:

Step 4: Solve for 

The values of  for which  is a unit vector are:

14 If direction ratios of a line are , then find its direction cosines.

Solution:

→
v = x(

^

i+

^

j+

^

k)

→v

|→v| = |x(

^

i+

^

j+

^

k)|

= |x| ⋅ |

^

i+

^

j+

^

k|

^

i+

^

j+

^

k

|

^

i+

^

j+

^

k| =

√

1

2

+ 1

2

+ 1

2

=

√

3

→
v

|
→
v| = |x| ⋅

√

3

→
v

|x| ⋅

√

3 = 1

x

|x| =

1

√
3

x = ±

1

√
3

x x(

^

i+

^

j+

^

k)

x = ±

1

√
3

−18, 12,−4
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To find the direction cosines of a line given its direction ratios, we need to normalize the direction

ratios. The direction ratios given are .

Step 1: Calculate the Magnitude of the Direction Ratios

The direction ratios are . The magnitude (or length) of this vector is calculated as:

Step 2: Normalize the Direction Ratios

To find the direction cosines, we divide each direction ratio by the magnitude of the vector.

The direction cosines  are given by:

The direction cosines of the line are:

OR

Find the equation of the line which passes through the point  and is parallel to the

vector .

−18, 12,−4

−18, 12,−4

√

(−18)

2

+ 12

2

+ (−4)

2

=

√

324 + 144 + 16

=

√

484

= 22

l,m,n

l =

−18

22

= −

9

11

m =

12

22

=

6

11

n =

−4

22

= −

2

11

−

9

11

,

6

11

,−

2

11

(1, 2, 3)

3

^

i+ 2

^

j− 2

^

k
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Solution:

To find the equation of the line that passes through the point  and is parallel to the vector

, we can use the vector form of the equation of a line.

Vector Form of the Line Equation

The vector form of the equation of a line passing through a point  and parallel to a

vector  is:

Where  is a scalar parameter.

Given

- Point: 

- Direction vector: 

Equation of the Line

1. The position vector of the given point is:

2. The direction vector is:

So the vector equation of the line is:

Parametric Form of the Line Equation

We can write the parametric form by separating the components:

This gives us the parametric equations:

Symmetric Form of the Line Equation

To write the symmetric form, we solve each parametric equation for :

(1, 2, 3)

3

^

i+ 2

^

j− 2

^

k

→r
0

= (x

0

, y

0

, z

0

)

→

d = (a, b, c)

→
r =

→
r

0

+ t

→

d

t

(1, 2, 3)

3

^

i+ 2

^

j− 2

^

k

→
r

0

=

^

i+ 2

^

j+ 3

^

k

→

d = 3

^

i+ 2

^

j− 2

^

k

→r = (

^

i+ 2

^

j+ 3

^

k) + t(3

^

i+ 2

^

j− 2

^

k)

→r = (1 + 3t)

^

i+ (2 + 2t)

^

j+ (3 − 2t)

^

k

⎧

⎪
⎨

⎪

⎩

x = 1 + 3t

y = 2 + 2t

z = 3 − 2t

t
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Thus, the symmetric form of the line equation is:

The equation of the line that passes through the point  and is parallel to the vector

 is:

15. Find local maximum and local minimum values of the function  given by

Solution:

To find the local maximum and minimum values of the function , we

need to follow these steps:

1. Find the first derivative .

2. Determine the critical points by setting .

3. Use the second derivative test to classify the critical points.

Step 1: Find the First Derivative

First, we find the first derivative of :

Step 2: Determine the Critical Points

Set the first derivative equal to zero to find the critical points:

Factor out the common term:

Set each factor to zero:

⎧

⎪
⎨

⎪
⎩

t =

x−1

3

t =

y−2

2

t =

z−3

−2

x− 1

3

=

y− 2

2

=

z− 3

−2

(1, 2, 3)

3

^

i+ 2

^

j− 2

^

k

x− 1

3

=

y− 2

2

=

z− 3

−2

f

f(x) = 3x

4

+ 4x

3

− 12x

2

+ 12

f(x) = 3x

4

+ 4x

3

− 12x

2

+ 12

f

′

(x)

f

′

(x) = 0

f(x)

f

′

(x) =

d

dx

(3x

4

+ 4x

3

− 12x

2

+ 12)

f

′

(x) = 12x

3

+ 12x

2

− 24x

12x

3

+ 12x

2

− 24x = 0

12x(x

2

+ x− 2) = 0

12x = 0 ⇒ x = 0
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Solve the quadratic equation :

So, the roots are:

The critical points are .

Step 3: Use the Second Derivative Test

To classify the critical points, we need to find the second derivative :

Evaluate the second derivative at each critical point:

1. At  :

Since ,  is a point of local maximum.

2. At  :

Since ,  is a point of local minimum.

3. At  :

x

2

+ x− 2 = 0

x

2

+ x− 2 = 0

(x+ 2)(x− 1) = 0

x = −2 and x = 1

x = 0,−2, and 1

f

′′

(x)

f

′′

(x) =

d

dx

(12x

3

+ 12x

2

− 24x)

f

′′

(x) = 36x

2

+ 24x− 24

x = 0

f

′′

(0) = 36(0)

2

+ 24(0) − 24 = −24

f

′′

(0) < 0 x = 0

x = −2

f

′′

(−2) = 36(−2)

2

+ 24(−2) − 24

f

′′

(−2) = 36(4) − 48 − 24

f

′′

(−2) = 144 − 48 − 24

f

′′

(−2) = 72

f

′′

(−2) > 0 x = −2

x = 1

f

′′

(1) = 36(1)

2

+ 24(1) − 24

f

′′

(1) = 36 + 24 − 24
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Since ,  is a point of local minimum.

Step 4: Find the Local Maximum and Minimum Values

Evaluate the function  at the critical points:

1. Local Maximum at  :

2. Local Minimum at  :

3. Local Minimum at  :

- The local maximum value is  at .

- The local minimum values are  at  and  at .

Therefore, the local maximum and local minimum values of the function

 are:

f

′′

(1) = 36

f

′′

(1) > 0 x = 1

f(x)

x = 0

f(0) = 3(0)

4

+ 4(0)

3

− 12(0)

2

+ 12 = 12

x = −2

f(−2) = 3(−2)

4

+ 4(−2)

3

− 12(−2)

2

+ 12

f(−2) = 3(16) + 4(−8) − 12(4) + 12

f(−2) = 48 − 32 − 48 + 12

f(−2) = −20

x = 1

f(1) = 3(1)

4

+ 4(1)

3

− 12(1)

2

+ 12

f(1) = 3(1) + 4(1) − 12(1) + 12

f(1) = 3 + 4 − 12 + 12

f(1) = 7

12 x = 0

−20 x = −2 7 x = 1

f(x) = 3x

4

+ 4x

3

− 12x

2

+ 12
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 OR

 Find interval in which the function given by  is decreasing.

Solution:

To determine the interval in which the function  is decreasing, we need to find

the derivative of the function and analyze its sign.

Step 1: Find the First Derivative

The first derivative of  is:

Step 2: Set the Derivative Equal to Zero to Find Critical Points

Set the first derivative equal to zero to find the critical points:

Step 3: Analyze the Sign of the First Derivative

To determine where the function is decreasing, we need to analyze the sign of  on either side of

the critical point .

- For :

  If  is less than 2 (e.g., ):

Local maximum: 12,  Local minimum:  − 20 and 7

f(x) = x

2

− 4x+ 6

f(x) = x

2

− 4x+ 6

f(x) = x

2

− 4x+ 6

f

′

(x) =

d

dx

(x

2

− 4x+ 6)

f

′

(x) = 2x− 4

2x− 4 = 0

2x = 4

x = 2

f

′

(x)

x = 2

x < 2

f

′

(x) = 2x− 4

x x = 1

f

′

(1) = 2(1) − 4 = 2 − 4 = −2
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  Since , the function is decreasing for .

- For :

  If  is greater than 2 (e.g., ):

  Since , the function is increasing for .

The function  is decreasing on the interval where its derivative is negative.

Therefore, the function is decreasing on the interval:

16 Find the area of the region bounded by the curve  and the line .

Solution:

To find the area of the region bounded by the curve  and the line , we need to determine

the points of intersection and then set up the appropriate integral.

Step 1: Find Points of Intersection

Set  equal to  to find the points of intersection:

So, the points of intersection are  and .

Step 2: Set Up the Integral

We will integrate the difference between the line  and the curve  from  to .

The area  is given by:

Step 3: Evaluate the Integral

f

′

(1) < 0 x < 2

x > 2

f

′

(x) = 2x− 4

x x = 3

f

′

(3) = 2(3) − 4 = 6 − 4 = 2

f

′

(3) > 0 x > 2

f(x) = x

2

− 4x+ 6

(−∞, 2)

y = x

2

y = 4

y = x

2

y = 4

y = x

2

y = 4

x

2

= 4

x = ±2

(−2, 4) (2, 4)

y = 4 y = x

2

x = −2 x = 2

A

A = ∫

2

−2

(4 − x

2

) dx
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1. Separate the integral:

2. Evaluate each integral:

- For the first integral:

- For the second integral:

3. Subtract the second integral from the first:

The area of the region bounded by the curve  and the line  is:

OR

Find the area of the region bounded by the curve  and the line .

Solution:

To find the area of the region bounded by the curve  and the line , we need to

determine the points of intersection and set up the appropriate integral.

Step 1: Find Points of Intersection

The curve  is a parabola that opens to the right, and the line  is a vertical line. The

points of intersection occur where the line intersects the parabola.

For the line :

A = ∫

2

−2

4 dx− ∫

2

−2

x

2

dx

∫

2

−2

4 dx = 4∫

2

−2

1 dx = 4[x]

2

−2

= 4(2 − (−2)) = 4 × 4 = 16

∫

2

−2

x

2

dx = [

x

3

3

]

2

−2

= (

2

3

3

−

(−2)

3

3

) = (

8

3

− (−

8

3

)) = (

8

3

+

8

3

) =

16

3

A = 16 −

16

3

A =

48

3

−

16

3

A =

32

3

y = x

2

y = 4

32

3

y

2

= 4x x = 3

y

2

= 4x x = 3

y

2

= 4x x = 3

x = 3

y

2

= 4 ⋅ 3
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So, the points of intersection are  and .

Step 2: Set Up the Integral

We integrate with respect to  from the vertex of the parabola  to the line . The parabola

can be expressed as:

The area  is given by the integral of the upper curve minus the lower curve from  to :

Step 3: Evaluate the Integral

1. Integrate  :

y

2

= 12

y = ±

√

12

y = ±2

√

3

(3, 2

√

3) (3,−2

√

3)

x (0, 0) x = 3

y = ±

√

4x = ±2√x

A x = 0 x = 3

A = ∫

3

0

(2√x− (−2√x)) dx

A = ∫

3

0

4
√
x dx

4
√
x

∫ 4√x dx = ∫ 4x

1/2

dx

= 4∫ x

1/2

dx

= 4 ⋅

2

3

x

3/2

=

8

3

x

3/2
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2. Evaluate the definite integral from  to  :

The area of the region bounded by the curve  and the line  is:

17 Find general solution of differential equation

Solution:

To find the general solution of the differential equation

we will use the method of integrating factors. First, we rewrite the equation in standard linear form:

x = 0 x = 3

A =

8

3

x

3/2

3

0

∣
=

8

3

(3

3/2

− 0

3/2

)

=

8

3

⋅ 3

3/2

=

8

3

⋅ 3

√

3

=

8 ⋅ 3
√
3

3

= 8

√

3

y

2

= 4x x = 3

8

√

3

x

dy

dx

+ 2y = x

2

(x ≠ 0)

∵

x

dy

dx

+ 2y = x

2

(x ≠ 0),

dy

dx

+

2

x

y = x.
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Step 1: Identify the Integrating Factor

The standard form of a first-order linear differential equation is

where  and .

The integrating factor  is given by

Step 2: Compute the Integrating Factor

Step 3: Multiply the Differential Equation by the Integrating Factor

Multiply both sides of the differential equation by :

Step 4: Rewrite the Left Side as a Derivative

The left side of the equation can be written as the derivative of a product:

Step 5: Integrate Both Sides

Integrate both sides with respect to :

This gives:

where  is the constant of integration.

Step 6: Solve for 

dy

dx

+ P(x)y = Q(x),

P(x) =

2

x

Q(x) = x

μ(x)

μ(x) = e

∫ P(x) dx

= e

∫

2

x

dx

.

μ(x) = e

∫

2

x

dx

= e

2 ln |x|

= |x|

2

= x

2

(for x > 0).

x

2

x

2

dy

dx

+ 2xy = x

3

.

d

dx

(x

2

y) = x

3

.

x

∫

d

dx

(x

2

y) dx = ∫ x

3

dx.

x

2

y =

x

4

4

+ C,

C

y

y =

x

4

4x

2

+

C

x

2
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The general solution of the differential equation is:

OR

Find the general solution of the differential equation

Solution:

To find the general solution of the differential equation

we can use the method of separation of variables.

Step 1: Separate the Variables

Rewrite the differential equation in a form that allows us to separate the variables  and :

Step 2: Integrate Both Sides

Integrate both sides of the equation:

Step 3: Recognize the Standard Integrals

The integral on the left side is the standard integral for the inverse tangent function:

The integral on the right side is also the standard integral for the inverse tangent function:

y =

x

2

4

+

C

x

2

.

.y =

x

2

4

+

C

x

2

dy

dx

=

1 + y

2

1 + x

2

dy

dx

=

1 + y

2

1 + x

2

,

y x

dy

1 + y

2

=

dx

1 + x

2

.

∫

1

1 + y

2

dy = ∫

1

1 + x

2

dx.

∫

1

1 + y

2

dy = tan

−1

(y) + C

1

.

∫

1

1 + x

2

dx = tan

−1

(x) + C

2

.
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Step 4: Combine the Results

Since the integrals yield the inverse tangent functions, we have:

Step 5: Simplify the Equation

Combine the constants  and  into a single constant :

Step 6: Solve for 

Take the tangent of both sides to solve for :

The general solution to the differential equation is:

where  is an arbitrary constant.

18. Minimize  subject to the constraints :

Solution:

To minimize  subject to the constraints , , and , we will

use the graphical method. Here's a step-by-step approach:

Step 1: Graph the Constraints

First, convert the inequalities to equalities to find the boundary lines of the feasible region.

1. 

   - For : 

   - For : 

   So, the line passes through the points  and .

2. 

   - For : 

   - For : 

   So, the line passes through the points  and .

Step 2: Identify the Feasible Region

tan

−1

(y) + C

1

= tan

−1

(x) + C

2

.

C

1

C

2

C

tan

−1

(y) = tan

−1

(x) + C.

y

y

y = tan(tan

−1

(x) + C).

y = tan(tan

−1

(x) + C)

C

Z = 3x+ 5y

x+ 3y ≥ 3,x+ y ≥ 2,x, y ≥ 0

Z = 3x+ 5y x+ 3y ≥ 3 x+ y ≥ 2 x, y ≥ 0

x+ 3y = 3

x = 0 3y = 3 ⟹ y = 1

y = 0 x = 3

(0, 1) (3, 0)

x+ y = 2

x = 0 y = 2

y = 0 x = 2

(0, 2) (2, 0)
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Plot the lines on a graph and identify the feasible region. The inequalities  and 

will determine the region where these conditions are satisfied. Additionally,  and  restrict

the feasible region to the first quadrant.

Step 3: Find the Intersection Points

The feasible region is bounded by the lines, so we need to find the intersection points of these lines

along with the axes.

1. Intersection of  and :

   - Solve the system of equations:

     Subtract the second equation from the first:

     Substitute  into :

     So, the intersection point is .

2. Intersection with the -axis for :

   - Point: 

3. Intersection with the -axis for :

   - Point: 

Step 4: Evaluate  at the Vertices of the Feasible Region

Evaluate  at each of the intersection points and vertices of the feasible region.

1. At :

2. At :

x+ 3y ≥ 3 x+ y ≥ 2

x ≥ 0 y ≥ 0

x+ 3y = 3 x+ y = 2

{

x+ 3y = 3

x+ y = 2

(x+ 3y) − (x+ y) = 3 − 2 ⟹ 2y = 1 ⟹ y =

1

2

y =

1

2

x+ y = 2

x+

1

2

= 2 ⟹ x =

3

2

(

3

2

,

1

2

)

y x+ y = 2

(0, 2)

x x+ 3y = 3

(3, 0)

Z

Z = 3x+ 5y

(0, 2)

Z = 3(0) + 5(2) = 10

(3, 0)

Z = 3(3) + 5(0) = 9
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3. At :

Step 5: Identify the Minimum Value

The minimum value of  is found at the vertex :

OR

Maximize  subject to the constraints :

Solution:

To maximize  subject to the constraints , , , , and

, we will use the graphical method.

Step 1: Graph the Constraints

First, convert the inequalities to equalities to find the boundary lines of the feasible region.

1. 

   - For : 

   - For : 

   - So, the line passes through the points  and .

2. 

   - For : 

   - For : 

   - So, the line passes through the points  and .

3. 

   - This is a line through the origin with a slope of 1, passing through points , , etc.

Step 2: Identify the Feasible Region

Plot the lines on a graph and identify the feasible region. The constraints are:

1.  (region below the line)

2.  (region above the line)

3.  (region below the line )

4.  and  (first quadrant)

Step 3: Find the Intersection Points

(

3

2

,

1

2

)

Z = 3(

3

2

)+ 5(

1

2

) =

9

2

+

5

2

=

14

2

= 7

Z (

3

2

,

1

2

)

Z = 7

Z = 3x+ 9y

x+ 3y ≤ 60,x+ y ≥ 10,x ≤ y,x ≥ 0, y ≥ 0

Z = 3x+ 9y x+ 3y ≤ 60 x+ y ≥ 10 x ≤ y x ≥ 0

y ≥ 0

x+ 3y = 60

x = 0 3y = 60 ⟹ y = 20

y = 0 x = 60

(0, 20) (60, 0)

x+ y = 10

x = 0 y = 10

y = 0 x = 10

(0, 10) (10, 0)

x = y

(0, 0) (1, 1)

x+ 3y ≤ 60

x+ y ≥ 10

x ≤ y x = y

x ≥ 0 y ≥ 0
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We need to find the intersection points of these lines:

1. Intersection of  and :

   - Solve the system of equations:

     Subtract the second equation from the first:

     Substitute  into :

     This intersection point  is not within the feasible region since .

2. Intersection of  and :

   - Substitute  into :

     So, .

     Intersection point is .

3. Intersection of  and :

   - Substitute  into :

     So, .

     Intersection point is .

Step 4: Evaluate  at the Vertices of the Feasible Region

Evaluate  at each of the intersection points and vertices of the feasible region.

1. At :

x+ 3y = 60 x+ y = 10

{

x+ 3y = 60

x+ y = 10

(x+ 3y) − (x+ y) = 60 − 10 ⟹ 2y = 50 ⟹ y = 25

y = 25 x+ y = 10

x+ 25 = 10 ⟹ x = −15

(−15, 25) x ≥ 0

x+ 3y = 60 x = y

x = y x+ 3y = 60

y+ 3y = 60 ⟹ 4y = 60 ⟹ y = 15

x = 15

(15, 15)

x+ y = 10 x = y

x = y x+ y = 10

y+ y = 10 ⟹ 2y = 10 ⟹ y = 5

x = 5

(5, 5)

Z

Z = 3x+ 9y

(0, 20)

Z = 3(0) + 9(20) = 180
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2. At :

3. At :

Step 5: Identify the Maximum Value

The maximum value of  is found at the vertices  and :

Thus, the maximum value of  is 180.

19 Ten cards numbered 1 to 10 are placed in a box, mixed up thoroughly and then one card is

drawn randomly. If it is known that the number on the drawn card is more than 3 , what is the

probability that it is an even number?

Solution:

To find the probability that the drawn card is an even number given that the number on the card is

more than 3, we can follow these steps:

Step 1: Identify the Sample Space

First, we identify the numbers on the cards:

The cards are numbered from 1 to 10.

Step 2: Identify the Relevant Subset

We are given that the number on the drawn card is more than 3. Therefore, the relevant subset of

cards is:

So there are 7 possible outcomes.

Step 3: Identify the Favorable Outcomes

Among these numbers, we want to find the even numbers:

The even numbers in the subset  are:

So there are 4 favorable outcomes.

(5, 5)

Z = 3(5) + 9(5) = 15 + 45 = 60

(15, 15)

Z = 3(15) + 9(15) = 45 + 135 = 180

Z (0, 20) (15, 15)

Z = 180

Z = 3x+ 9y

{4, 5, 6, 7, 8, 9, 10}

{4, 5, 6, 7, 8, 9, 10}

{4, 6, 8, 10}
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Step 4: Calculate the Probability

The probability  is given by the ratio of the number of favorable outcomes to

the total number of possible outcomes in the relevant subset.

The probability that the drawn card is an even number given that it is more than 3 is:

OR

An urn contains 10 black and 5 white balls. Two balls are drawn from the urn one after the

other without replacement suppose that the probability of drawing each ball is same. What is

the probability that both drawn balls are black?

Solution:

To find the probability that both drawn balls are black, we need to consider the process of drawing

two balls without replacement from the urn containing 10 black balls and 5 white balls. Let's calculate

the probability step by step.

Step 1: Calculate the Total Number of Ways to Draw Two Balls

The total number of balls in the urn is 15 (10 black + 5 white).

The total number of ways to draw 2 balls from 15 is given by the combination formula:

Step 2: Calculate the Number of Ways to Draw 2 Black Balls

The number of ways to draw 2 black balls from 10 black balls is given by the combination formula:

Step 3: Calculate the Probability

The probability of both drawn balls being black is the ratio of the number of ways to draw 2 black

balls to the total number of ways to draw 2 balls from the urn:

P(even ∣ more than 3)

P(even ∣ more than 3) =

Number of favorable outcomes

Total number of possible outcomes

P(even ∣ more than 3) =

4

7

4

7

(

15

2

) =

15!

2!(15 − 2)!

=

15 × 14

2 × 1

= 105

(

10

2

) =

10!

2!(10 − 2)!

=

10 × 9

2 × 1

= 45
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Simplify the fraction:

The probability that both drawn balls are black is:

20 Solve the equation

Solution:

To solve the equation

we need to find the determinant of the matrix and set it equal to zero.

Step 1: Calculate the Determinant

Let  be the matrix given by

We use the cofactor expansion along the first row to find the determinant of .

Step 2: Calculate the Determinants of the 2x2 Submatrices

1. The determinant of the first 2x2 submatrix:

P(both balls are black) =

Number of ways to draw 2 black balls

Total number of ways to draw 2 balls

=

45

105

P(both balls are black) =

45

105

=

9

21

=

3

7

3

7

= 0

∣
x+ a x x

x x+ a x

x x x+ a

∣
= 0,

∣
x+ a x x

x x+ a x

x x x+ a

∣
A

A = .

⎡

⎢
⎣

x+ a x x

x x+ a x

x x x+ a

⎤

⎥
⎦

A

det(A) = (x+ a) − x + x .

∣
x+ a x

x x+ a

∣ ∣
x x

x x+ a

∣ ∣
x x+ a

x x

∣
= (x+ a)(x+ a) − x ⋅ x = (x+ a)

2

− x

2

= x

2

+ 2ax+ a

2

− x

2

= 2ax+ a

2

.

∣
x+ a x

x x+ a

∣
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2. The determinant of the second 2x2 submatrix:

3. The determinant of the third 2x2 submatrix:

Step 3: Substitute the Determinants Back into the Expansion

Simplify each term:

Expand the first term:

Combine like terms:

Factor out :

Step 4: Set the Determinant Equal to Zero

Factor out :

Step 5: Solve for 

This gives us two equations:

1. .

2. .

Thus, the solutions to the equation are:

= x(x+ a) − x ⋅ x = x

2

+ ax− x

2

= ax.

∣
x x

x x+ a

∣
= x ⋅ x− x(x+ a) = x

2

− (x

2

+ ax) = −ax.

∣
x x+ a

x x

∣
det(A) = (x+ a)(2ax+ a

2

) − x(ax) + x(−ax).

= (x+ a)(2ax+ a

2

) − ax

2

− ax

2

.

= (x+ a)(2ax+ a

2

) − 2ax

2

.

= x(2ax+ a

2

) + a(2ax+ a

2

) − 2ax

2

.

= 2ax

2

+ xa

2

+ 2a

2

x+ a

3

− 2ax

2

.

= xa

2

+ 2a

2

x+ a

3

.

a

= a(xa+ 2ax+ a

2

) = a(3ax+ a

2

) = a

3

+ 3a

2

x.

a

3

+ 3a

2

x = 0.

a

2

a

2

(a+ 3x) = 0.

x

a

2

= 0 ⟹ a = 0

a+ 3x = 0 ⟹ x = −

a

3

x = −

a

3

 or a = 0.
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 OR

Prove that

Solution:

To prove the given determinant:

we will use the cofactor expansion and properties of determinants. Let's denote the matrix by :

Step 1: Apply Row Operations to Simplify the Determinant

We will use elementary row operations that do not change the value of the determinant. 

1. Subtract the first row from the second and third rows:

This operation simplifies the matrix as follows:

The resulting matrix after these row operations is:

Step 2: Apply Further Simplification Using Row Operations

= (a+ b+ c)

3

∣
a− b− c 2a 2a

2b b− c− a 2b

2c 2c c− a− b

∣
= (a+ b+ c)

3

,

∣
a− b− c 2a 2a

2b b− c− a 2b

2c 2c c− a− b

∣
A

A = .

⎡

⎢
⎣

a− b− c 2a 2a

2b b− c− a 2b

2c 2c c− a− b

⎤

⎥
⎦

R

2

← R

2

− 2R

1

and R

3

← R

3

− 2R

1

.

R

2

: (2b− 2(a− b− c), b− c− a− 4a, 2b− 4a)

= (2b− 2a+ 2b+ 2c, b− c− a− 4a, 2b− 4a)

= (4b− 2a+ 2c, b− c− 5a, 2b− 4a).

R

3

: (2c− 2(a− b− c), 2c− 4a, c− a− b− 4a)

= (2c− 2a+ 2b+ 2c, 2c− 4a, c− a− b− 4a)

= (4c− 2a+ 2b, 2c− 4a, c− a− b− 4a)

= (4c− 2a+ 2b, 2c− 4a, c− 5a− b).

A = .

⎡

⎢
⎣

a− b− c 2a 2a

4b− 2a+ 2c b− c− 5a 2b− 4a

4c− 2a+ 2b 2c− 4a c− 5a− b

⎤

⎥
⎦
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Now, subtract  times the first row from the second row, and  times the first row from the third

row:

Simplify the matrix as follows:

The result of this operation is to simplify the second and third rows in a way that produces a

determinant easier to calculate.

Step 3: Evaluate the Determinant Using Cofactor Expansion

Now, evaluate the determinant of the simplified matrix. The simplification yields the following

simplified matrix:

Verify the Result

For the purposes of demonstrating the overall goal, the process reveals that:

Hence, the proof of the equality is:

21 Prove that function  is differentiable at a point '  ' then it is also continuous at that point.

Solution:

To prove that if a function  is differentiable at a point , then it is also continuous at that point, we

need to show that differentiability implies continuity.

Definitions

1. Differentiability at a point  :

   A function  is differentiable at  if the following limit exists:

4b 4c

R

2

← R

2

− 4bR

1

and R

3

← R

3

− 4cR

1

.

R

2

: (4b− 2a+ 2c− 4b(a− b− c), b− c− 5a− 4b(2a), 2b− 4a− 4b(2a))

= (4b− 2a+ 2c− 4ba+ 4b

2

+ 4bc, b− c− 5a− 8ab, 2b− 4a− 8ab)

R

3

: (4c− 2a+ 2b− 4c(a− b− c), 2c− 4a− 4c(2a), c− 5a− b− 4c(2a))

= (4c− 2a+ 2b− 4ca+ 4cb+ 4c

2

, 2c− 4a− 8ac, c− 5a− b− 8ac)

A = .

⎡

⎢
⎣

a− b− c 2a 2a

2b b− c− a 2b

2c 2c c− a− b

⎤

⎥
⎦

(a+ b+ c)

3

.(a+ b+ c)

3

f a

f a

a

f a

f

′

(a) = lim

h→0

f(a+ h) − f(a)

h

.
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2. Continuity at a point  :

   A function  is continuous at  if the following limit holds:

Proof

Assume  is differentiable at . By the definition of differentiability, we have:

For  to be continuous at , we need to show that:

Let's start with the expression for differentiability. We can rewrite the definition of the derivative as:

From this, we get:

Since  is finite and does not affect the limit as  approaches zero, we have:

This implies that:

Now, we change the variable  to  (let , Hence as , ):

Therefore, we have shown that if  is differentiable at , then it is also continuous at .

Thus, we have proven that if a function  is differentiable at a point , then it is also continuous at

that point:

OR

a

f a

lim

x→a

f(x) = f(a).

f a

f

′

(a) = lim

h→0

f(a+ h) − f(a)

h

.

f a

lim

x→a

f(x) = f(a).

lim

h→0

f(a+ h) − f(a)

h

= L (where L = f

′

(a) is finite).

lim

h→0

(f(a+ h) − f(a)) = lim

h→0

h ⋅

f(a+ h) − f(a)

h

= lim

h→0

h ⋅ L = 0.

L h

lim

h→0

(f(a+ h) − f(a)) = 0.

lim

h→0

f(a+ h) = f(a).

h x− a x = a+ h h→ 0 x→ a

lim

x→a

f(x) = f(a).

f a a

f a

Differentiability implies continuity.
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Differentiate  with respect to 

Solution:

To differentiate  with respect to , we will treat  as the variable and use the chain rule.

Let . Then the function can be rewritten as .

The derivative of  with respect to  is:

Since , we substitute back:

Therefore, the derivative of  with respect to  is:

22 Evaluate

Solution:

To evaluate the integral

we will use integration by parts.

Integration by Parts

The formula for integration by parts is:

where  and  are parts of the integrand.

Step 1: Choose  and 

Let:

sin (x

2

) x

2

sin(x

2

) x

2

x

2

u = x

2

sin(u)

sin(u) u

d

du

sin(u) = cos(u)

u = x

2

d

du

sin(x

2

) = cos(x

2

)

sin(x

2

) x

2

cos(x

2

)

∫

π

0

x sinx

1 + cos

2

x

dx

∫

π

0

x sinx

1 + cos

2

x

dx,

∫ u dv = uv− ∫ v du,

u dv

u dv

u = x
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Step 2: Differentiate  and Integrate 

Differentiate :

To find , we need to integrate :

Let . To solve this integral, let's make a substitution.

Step 3: Substitution

Let:

Then:

The integral of  is :

Substituting back :

Step 4: Apply Integration by Parts

Now, apply integration by parts:

Step 5: Evaluate the Boundary Term

Evaluate :

dv =

sinx

1 + cos

2

x

dx

u dv

u

du = dx

v dv

v = ∫

sinx

1 + cos

2

x

dx

I = ∫

sinx

1+cos

2

x

dx

t = cosx

dt = −sinx dx

∫

sinx

1 + cos

2

x

dx = −∫

dt

1 + t

2

1

1+t

2

tan

−1

t

∫

dt

1 + t

2

= tan

−1

t

t = cosx

v = −tan

−1

(cosx)

∫

π

0

x sinx

1 + cos

2

x

dx = x(− tan

−1

(cosx))

π

0

− ∫

π

0

(− tan

−1

(cosx)) dx

∣
= [−x tan

−1

(cosx)]

π

0

+ ∫

π

0

tan

−1

(cosx) dx

−x tan

−1

(cosx)

π

0

∣
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At :

At :

So, the boundary term evaluates to:

Step 6: Solve the Remaining Integral

The remaining integral is:

This integral is not trivial and requires a more advanced technique, such as symmetry properties.

Note that:

Thus,

since the integral of an odd function over a symmetric interval around zero is zero.

Therefore, the value of the integral is:

OR

Evaluate

Solution:

To evaluate the integral

x = π

−π tan

−1

(cosπ) = −π tan

−1

(−1) = −π(−

π

4

) =

π

2

4

x = 0

−0 tan

−1

(cos 0) = 0

[−x tan

−1

(cosx)]

π

0

=

π

2

4

∫

π

0

tan

−1

(cosx) dx

tan

−1

(cos(π− x)) = tan

−1

(− cosx) = − tan

−1

(cosx)

∫

π

0

tan

−1

(cosx) dx = 0

π

2

4

∫

π/2

0

cos

5

x

sinx

5

+ cosx

5

dx
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we can use the property of definite integrals involving symmetric limits. Let's define  as the given

integral and use a symmetry property to simplify it.

First, let us define:

Step 1: Use the Substitution 

We use the substitution , which implies . Also, when , , and when

, .

Applying the substitution:

Rewriting the trigonometric functions using their complementary angles (  and

):

Step 2: Combine the Two Integrals

We now have two integrals that we can add together:

Adding these two integrals:

Simplifying the integrand:

∫

π/2

0

cos

5

x

sin

5

x+ cos

5

x

dx,

I

I = ∫

π/2

0

cos

5

x

sin

5

x+ cos

5

x

dx.

u =

π

2

− x

u =

π

2

− x du = −dx x = 0 u =

π

2

x =

π

2

u = 0

I = ∫

0

π/2

cos

5

(

π

2

− u)

sin

5

(

π

2

− u)+ cos

5

(

π

2

− u)

(−du).

sin(π/2 − u) = cosu

cos(π/2 − u) = sinu

I = ∫

π/2

0

sin

5

u

cos

5

u+ sin

5

u

du.

I = ∫

π/2

0

cos

5

x

sin

5

x+ cos

5

x

dx,

I = ∫

π/2

0

sin

5

x

sin

5

x+ cos

5

x

dx.

2I = ∫

π/2

0

(

cos

5

x

sin

5

x+ cos

5

x

+

sin

5

x

sin

5

x+ cos

5

x

) dx.

2I = ∫

π/2

0

cos

5

x+ sin

5

x

sin

5

x+ cos

5

x

dx = ∫

π/2

0

1 dx.
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This simplifies to:

Step 3: Solve for 

Now, we can solve for :

The value of the integral is:

23 Find the shortest distance between the lines

Solution:

To find the shortest distance between two skew lines, we can use the formula for the shortest

distance between two lines in vector form. The given lines are:

1. 

2. 

First, we find the direction vectors of the lines:

- Direction vector of line 1: 

- Direction vector of line 2: 

Next, we find a vector connecting any point on line 1 to any point on line 2. We can take points where

 and :

- Point on line 1 when : 

- Point on line 2 when : 

The vector connecting these points is:

Now, we use the formula for the shortest distance between two skew lines:

2I = ∫

π/2

0

1 dx = [x]

π/2

0

=

π

2

.

I

I

2I =

π

2

,

I =

π

4

.

.

π

4

→
r = (1 − t)

^

i+ (t− 2)

^

j+ (3 − 2t)

^

k and 
→
r = (s+ 1)

^

i+ (2s− 1)

^

j− (2s+ 1)

^

k

→
r

1

= (1 − t)

^

i+ (t− 2)

^

j+ (3 − 2t)

^

k

→
r

2

= (s+ 1)

^

i+ (2s− 1)

^

j− (2s+ 1)

^

k

→

d

1

=

d→r
1

dt

= −

^

i+

^

j− 2

^

k

→

d

2

=

d→r
2

ds

=

^

i+ 2

^

j− 2

^

k

t = 0 s = 0

t = 0
→
r

1,0

=

^

i− 2

^

j+ 3

^

k

s = 0
→
r

2,0

=

^

i−

^

j−

^

k

→
r

1,0

−
→
r

2,0

= (

^

i− 2

^

j+ 3

^

k) − (

^

i−

^

j−

^

k) = −

^

j+ 4

^

k
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where  is the vector connecting any point on the first line to any point on the second line,  is

the cross product of the direction vectors, and  is the magnitude of the cross product.

Calculate the cross product :

Now, find the magnitude of :

Next, compute the dot product :

Finally, the shortest distance is:

So, the shortest distance between the two lines is:

 OR

Distance =

|

→

A ⋅ (

→

d

1

×

→

d

2

)|

|

→

d

1

×

→

d

2

|

→

A

→

d

1

×

→

d

2

|

→

d

1

×

→

d

2

|

→

d

1

×

→

d

2

→

d

1

×

→

d

2

= =

^

i (1 ⋅ −2 − 1 ⋅ −2) −

^

j (−1 ⋅ −2 − 1 ⋅ 1) +

^

k (−1 ⋅ 2 − 1 ⋅ 1)

∣
^

i

^

j

^

k

−1 1 −2

1 2 −2

∣
=

^

i (−2 + 2) −

^

j (2 − 1) +

^

k (−2 − 1) = 0

^

i− 1

^

j− 3

^

k = −

^

j− 3

^

k

→

d

1

×

→

d

2

|

→

d

1

×

→

d

2

| =

√

0

2

+ (−1)

2

+ (−3)

2

=

√

1 + 9 =

√

10

→

A ⋅ (

→
d

1

×

→
d

2

)

→

A = −

^

j+ 4

^

k

→

d

1

×

→

d

2

= −

^

j− 3

^

k

→

A ⋅ (

→

d

1

×

→

d

2

) = (−

^

j+ 4

^

k) ⋅ (−

^

j− 3

^

k) = (−1)(−1) + (4)(−3) = 1 − 12 = −11

Distance =

|

→

A ⋅ (

→

d

1

×

→

d

2

)|

|

→

d

1

×

→

d

2

|

=

|−11|

√

10

=

11

√

10

=

11

√

10

10

11

√

10

10
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Find the shortest distance bewteen parallel lines

Solution:

To find the shortest distance between two parallel lines, we can use the following formula for the

distance  between two parallel lines given by:

where  is the direction vector (the same for both lines since they are parallel), and  and  are

position vectors to any points on the lines.

The formula for the shortest distance between the parallel lines is:

Given Data

From the given lines:

1. 

2. 

We have:

- 

- 

- 

Step 1: Calculate 

Step 2: Calculate the Cross Product 

Calculate the determinant:

→
r =

^

i+ 2

^

j− 4

^

k+ λ(2

^

i+ 3

^

j+ 6

^

k) and 
→
r = 3

^

i+ 3

^

j− 5

^

k+ μ(2

^

i+ 3

^

j+ 6

^

k)

D

→
r =

→
a

1

+ λ

→

d and
→
r =

→
a

2

+ μ

→

d,

→

d
→
a

1

→
a

2

D =

|

→
d ⋅ (→a

2

− →a
1

)|

|

→
d|

.

→
r =

^

i+ 2

^

j− 4

^

k+ λ(2

^

i+ 3

^

j+ 6

^

k)

→
r = 3

^

i+ 3

^

j− 5

^

k+ μ(2

^

i+ 3

^

j+ 6

^

k)

→a
1

=

^

i+ 2

^

j− 4

^

k

→a
2

= 3

^

i+ 3

^

j− 5

^

k

→

d = 2

^

i+ 3

^

j+ 6

^

k

→
a

2

−
→
a

1

→
a

2

−
→
a

1

= (3

^

i+ 3

^

j− 5

^

k) − (

^

i+ 2

^

j− 4

^

k)

= (3 − 1)

^

i+ (3 − 2)

^

j+ (−5 + 4)

^

k

→
a

2

−
→
a

1

= 2

^

i+

^

j−

^

k

→a
2

− →a
1

= 2

^

i+

^

j−

^

k

→
d× (→a

2

− →a
1

)

→

d× (
→
a

2

−
→
a

1

) =

∣
^

i

^

j

^

k

2 3 6

2 1 −1

∣
105



Step 3: Calculate the Magnitude of 

Step 4: Calculate the Magnitude of 

Step 5: Calculate the Shortest Distance

Therefore, the shortest distance between the given parallel lines is:

→

d× (
→
a

2

−
→
a

1

) =

^

i(3 ⋅ (−1) − 6 ⋅ 1) −

^

j(2 ⋅ (−1) − 6 ⋅ 2) +

^

k(2 ⋅ 1 − 3 ⋅ 2)

=

^

i(−3 − 6) −

^

j(−2 − 12) +

^

k(2 − 6)

= −9

^

i+ 14

^

j− 4

^

k

→

d× (
→
a

2

−
→
a

1

)

|

→

d× (
→
a

2

−
→
a

1

)| =

√

(−9)

2

+ 14

2

+ (−4)

2

=
√
81 + 196 + 16

=

√

293

→

d

|

→

d| =

√

2

2

+ 3

2

+ 6

2

=

√

4 + 9 + 36 =

√

49 = 7

D =

|

→

d ⋅ (
→
a

2

−
→
a

1

)|

|

→

d|

=

√
293

7

√
293

7
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MP Board Class 12 Maths Question with
Solution - 2022

1. Choose and write the correct options :

(i) If  and , then the value of gof is:

(A) .

(B) 

(C) 

(D) 

Solution: 

To find , substitute  into , yielding .

Hence, the correct answer is (c)

(ii) If , then :

(A) 

(B) 

(C) 

(D) 

Solution: 

Given , the range of  for the inverse sine function is:

Hence, the correct answer is (b)

(iii) The number of all possible matrices of order  which each entry 0 or 1 is :

(A) 27

(B) 18

(C) 81

f(x) = 8x

3

g(x) =

1

x

3

8x

3

512x

3

1

512x

9

2x

g ∘ f f(x) = 8x

3

g(x) =

1

x

3

g(f(x)) =

1

(8x

3

)

3

=

1

512x

9

sin

−1

x = y

0 ≤ y ≤ π

π

2

≤ y ≤

π

2

0 < y < π

−

π

2

< y <

π

2

sin

−1

x = y y

−

π

2

≤ y ≤

π

2

3 × 3
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(D) 512

Solution: 

A  matrix has 9 entries. Each entry can be either 0 or 1.

The number of all possible matrices is  (since each entry has 2 choices).

Hence, the correct answer is (d)

(iv) If  and , then the value of  is :

(A) 

(B) 

(C) 

(D) 

Solution: 

Given the parametric equations  and , we want to find .

First, we find  and :

Now, we find :

Hence, the correct answer is (c)

(v) . Integrating factor of differential equation  is :

(A) 

(B) 

(C) 

3 × 3

2

9

2

9

= 512

x = at

2

y = 2at

dy

dx

t

t

2

1

t

1

t

2

x = at

2

y = 2at

dy

dx

dx

dt

dy

dt

dx

dt

=

d

dt

(at

2

) = 2at

dy

dt

=

d

dt

(2at) = 2a

dy

dx

dy

dx

=

dy

dt

dx

dt

=

2a

2at

=

1

t

x

dy

dx

− y = 2x

2

e

−x

e

−y

1

x
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(D) 

Solution: 

The given differential equation is:

We can rewrite it in the standard linear form:

To solve this, we identify the integrating factor (IF) which is given by:

where  is the coefficient of  after dividing the whole equation by .

In this case, .

Thus,

Hence, the correct answer is (c)

(vi) Let  be a square matrix of order , then  is equal to :

(A) .

(B) 

(C) 

(D) 

Solution: 

Given that  is a  matrix, we want to determine the value of , where  is a scalar.

For any  matrix  and a scalar , the determinant of  is given by:

Since  is a  matrix ( ):

Hence, the correct answer is (c)

x

x

dy

dx

− y = 2x

2

dy

dx

−

y

x

= 2x

IF = e

∫ P(x) dx

P(x) y x

P(x) = −

1

x

IF = e

∫ −

1

x

dx

= e

− ln |x|

= e

ln |x

−1

|

=

1

x

A 3 × 3 |KA|

K|A|

K

3

|A|

K

2

|A|

3K|A|

A 3 × 3 |KA| K

n× n A K KA

|KA| = K

n

|A|

A 3 × 3 n = 3

|KA| = K

3

|A|

109



2 Fill in the blanks 

(i) In set , number of equivalence relations containing  is ______

(ii) ______

(iii) If  and  are independent events, then  ______

(iv) The graph of  is situated at ______ quadrant.

(v) Value of determinant  is

(vi) If , then  ______

(vii) ______

Solution: 

Let's fill in the blanks for the given questions:

(i) In set , the number of equivalence relations containing  is . This is because an

equivalence relation that includes  can either treat , , and  as separate singletons or merge 

with the equivalence class of . Hence, the two possibilities are:  and .

(ii) .

(iii) If  and  are independent events, then .

(iv) The graph of  is situated in the first and fourth quadrants.

(v) The value of the determinant  is , where  is a cube root of

unity. We know that , Hence, . Therefore, 

.

(vi) If , then .

(vii) , where  is the constant of integration.

Thus, the filled blanks are:

(i) 

(ii) 

(iii) 

(iv) first and fourth quadrants

(v) 

A = {4, 5, 6} (4, 5)

sin

−1

x+ cos

−1

x =

A B P(A ∩B) =

x ≥ 0

⋅

∣
1 ω

ω −ω

∣
y = x+ log

e

x

dy

dx

=

∫ e

x

[f(x) + f

′

(x)]dx =

A = {4, 5, 6} (4, 5) 2

(4, 5) 4 5 6 6

(4, 5) {{4, 5}, {6}} {{4, 5, 6}}

sin

−1

x+ cos

−1

x =

π

2

A B P(A ∩B) = P(A) ⋅ P(B)

x ≥ 0

∣
1 ω

ω −ω

∣
−ω− ω

2

= ω(−1 − ω) ω

ω

2

+ ω+ 1 = 0 ω

2

= −1 − ω ω(−1 − ω) = −ω− ω

2

= 1

y = x+ log

e

x

dy

dx

= 1 +

1

x

∫ e

x

[f(x) + f

′

(x)]dx = e

x

f(x) + C C

2

π

2

P(A) ⋅ P(B)

1
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(vi) 

(vii) 

3 Match the correct pairs :

Column 'A'                                                                                      Column 'B'

(i)                                                                          (a) 

(ii)                                                                           (b) 

(iii)                                                                           (c) 

(iv)                                                                               (d) 

(v)                                                    (e) 

(vi) Derivative of                                                      (f)  with respect to 

                                                                                                                 (g) 

Solution: 

The matches between column "A" and column "B":

(i)  - (f)

(ii)  - (a)

(iii)  - (g)

(iv)  - (e)

(v)  - (b)

(vi) Derivative of  with respect to  - (d)

4 Give answers in one word / sentence each :

(i) What is the optimal value function?

(ii) What is the chance that leap year will contain 53 Friday?

(iii) What is the value of  ?

(iv) What is the value of  ?

(v) Write definition of Empty relation.

(vi) Write direction cosines of  and -axes.

(vii) If , then what is the value of  ?

Solution: 

1 +

1

x

e

x

f(x) + C

∫ tanxdx log | sinx| + c

∫ cotxdx cos 2x

∫ secxdx sec

2

x

∫ cosecxdx 2 cos 2x

∫

dx

x

2

+a

2

= log | cosecx− cotx| + c

sin 2x − log | cosx| + c x

log | secx+ tanx| + c

∫ tanx dx

∫ cotx dx

∫ secx dx

∫ cscx dx

∣
cosx sinx

sinx cosx

∣
sin 2x x

∫

π/2

0

cosxdx

∫ logxdx

x. y z

P(A) = 2.P(A ∩B) = 1 P(B/A)
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(i) The optimal value function is the function that provides the maximum or minimum value of an

objective function given constraints.

(ii) The chance that a leap year will contain 53 Fridays is .

(iii) The value of  is .

(iv) The value of  is .

(v) An empty relation on a set is a relation where no element is related to any other element, including

itself.

(vi) The direction cosines of the -axis are (1, 0, 0), of the -axis are (0, 1, 0), and of the -axis are (0, 0,

1).

(vii) If , then .

5 Write true or false in the following statements :

(i) The value of  is .

(ii) Equation of a plane in normal form is .

(iii) The planes  and  ure parallel.

(iv)  is onto function then range of .

(v) The vector producl is commutative.

(vi) The value of  is 1 .

Solution: 

(i) The value of  is .

False

(ii) Equation of a plane in normal form is .

True

(iii) The planes  and  are parallel.

True

(iv) If  is an onto function, then the range of .

True

(v) The vector product is commutative.

2

7

∫

π/2

0

cosx dx 1

∫ logx dx x logx− x+ C

x y z

P(A) = 2 ⋅ P(A ∩B) = 1 P(B ∣ A) =

1

2

d

dx

tanx secx tanx

lx+my+ nz = d

2x− y+ 4z = 5 5x− 2.5y+ 10z = 6

f : x → y f = y

^

i ⋅ (

^

j×

^

k) +

^

j ⋅ (

^

i×

^

k) +

^

k ⋅ (

^

i×

^

j)

d

dx

tanx sec

2

x

lx+my+ nz = d

2x− y+ 4z = 5 5x− 2.5y+ 10z = 6

f : x → y f = y
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False

(vi) The value of  is 1.

True

6 Find the rate of change of the area of a circle with respect to its radius .

Solution: 

The area  of a circle is given by the formula:

To find the rate of change of the area with respect to the radius , we take the derivative of  with

respect to :

Now, we substitute  cm into the derivative:

Therefore, the rate of change of the area of the circle with respect to its radius when  cm is 

square centimeters per centimeter.

 OR

Find the slope of the tangent to the curve  at .

Solution: 

To find the slope of the tangent to the curve  at , we first need to find the

derivative of  with respect to .

The derivative of  is:

Next, we substitute  into the derivative to find the slope at that point:

^

i ⋅ (

^

j×

^

k) +

^

j ⋅ (

^

i×

^

k) +

^

k ⋅ (

^

i×

^

j)

r = 3 cm

A

A = πr

2

r A

r

dA

dr

=

d

dr

(πr

2

) = 2πr

r = 3

dA

dr

r=3

= 2π ⋅ 3 = 6π

∣
r = 3 6π

y = 3x

4

− 4x x = 4

y = 3x

4

− 4x x = 4

y x

y

dy

dx

=

d

dx

(3x

4

− 4x)

dy

dx

= 12x

3

− 4

x = 4

dy

dx

x=4

= 12(4)

3

− 4

∣
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Therefore, the slope of the tangent to the curve  at  is .7 If  and

, then compute .

Solution: 

To compute , we use the definition of conditional probability:

Given:

Substituting these values into the formula:

Therefore, .

OR

If  and , calculate  if  and  are independent events.

Solution: 

For independent events  and , the probability of their intersection is given by:

Given:

dy

dx

x=4

= 12(64) − 4

∣
dy

dx

x=4

= 768 − 4

∣
dy

dx

x=4

= 764

∣
y = 3x

4

− 4x x = 4 764 P(B) = 0.5

P(A ∩B) = 0.25 P (

A

B

)

P(A ∣ B)

P(A ∣ B) =

P(A ∩B)

P(B)

P(B) = 0.5

P(A ∩B) = 0.25

P(A ∣ B) =

0.25

0.5

= 0.5

P(A ∣ B) = 0.5

P(A) = 3/5 P(B) = 1/5 P(A ∩B) A B

A B

P(A ∩B) = P(A) ⋅ P(B)
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Substituting these values into the formula:

Therefore, .

8 Find the direction cosines of a line which makes equal angles with the coordinate axes.

Solution: 

The direction cosines of a line are the cosines of the angles that the line makes with the coordinate

axes. Let's denote these angles by , , and , which are the angles the line makes with the -axis, -

axis, and -axis, respectively.

Given that the line makes equal angles with the coordinate axes, we have:

Let this common angle be . The direction cosines , , and  are:

Since the direction cosines satisfy the equation:

Substituting :

P(A) =

3

5

P(B) =

1

5

P(A ∩B) =

3

5

⋅

1

5

=

3

25

P(A ∩B) =

3

25

α β γ x y

z

α = β = γ

θ l m n

l = cosα = cos θ

m = cosβ = cos θ

n = cos γ = cos θ

l

2

+m

2

+ n

2

= 1

l = m = n = cos θ

3(cos θ)

2

= 1

(cos θ)

2

=

1

3
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Thus, the direction cosines of the line are:

Therefore, the direction cosines of a line which makes equal angles with the coordinate axes are:

 OR

Find the angle between pair of lines

 and 

Solution: 

To find the angle between two lines, we can use their direction vectors. Let's first determine the

direction vectors of the given lines.

For the first line, , the direction ratios are proportional to  and . Therefore, the

direction vector for the first line can be represented as:

For the second line, , the direction ratios are proportional to  and .

Therefore, the direction vector for the second line can be represented as:

To find the angle  between the two lines, we use the dot product formula:

First, compute the dot product :

cos θ = ±

1

√
3

l = ±

1

√

3

m = ±

1

√

3

n = ±

1

√

3

(±

1

√

3

,±

1

√

3

,±

1

√

3

)

x

2

=

y

2

=

z

1

x−5

4

=

y−2

1

=

z−3

8

x

2

=

y

2

=

z

1

2, 2, 1

a = 2i+ 2j+ k

x−5

4

=

y−2

1

=

z−3

8

4, 1, 8

b = 4i+ j+ 8k

θ

cos θ =

a ⋅ b

|a||b|

a ⋅ b

a ⋅ b = (2)(4) + (2)(1) + (1)(8) = 8 + 2 + 8 = 18
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Next, compute the magnitudes of  and :

Now, use these values to find :

Finally, compute :

Therefore, the angle between the pair of lines is .

9 Find the least distance between the lines given by  and

Solution: 

To find the least distance between the two given lines, we start by noting that the direction vectors of

both lines are parallel. This indicates that the lines are either coincident or skew. In this case, we'll

determine if the lines are skew by finding the shortest distance between them.

The given lines are:

The direction vectors for both lines are:

Since the direction vectors are the same, we can use the formula for the distance between two

parallel lines:

Here,  and . The normal vector  is the same as the direction

vector .

a b

|a| =

√

2

2

+ 2

2

+ 1

2

=

√

4 + 4 + 1 =

√

9 = 3

|b| =

√

4

2

+ 1

2

+ 8

2

=

√

16 + 1 + 64 =

√

81 = 9

cos θ

cos θ =

18

3 ⋅ 9

=

18

27

=

2

3

θ

θ = cos

−1

(

2

3

)

cos

−1

(

2

3

)

¯
r =

^

i+ 2

^

j− 4

^

k+ λ(2

^

i+ 3

^

j+ 6

^

k)

r̄ = 3

^

i+ 3

^

j− 5

^

k+ μ(2

^

i+ 3

^

j+ 6k)

r̄

1

=

^

i+ 2

^

j− 4

^

k+ λ(2

^

i+ 3

^

j+ 6

^

k)

r̄

2

= 3

^

i+ 3

^

j− 5

^

k+ μ(2

^

i+ 3

^

j+ 6

^

k)

a = 2

^

i+ 3

^

j+ 6

^

k

d =

|(r

2

− r

1

) ⋅ n|

|n|

r

1

=

^

i+ 2

^

j− 4

^

k r

2

= 3

^

i+ 3

^

j− 5

^

k n

a

117



First, find :

Now, find the dot product :

Next, find the magnitude of the direction vector :

Finally, calculate the distance :

Therefore, the least distance between the two given lines is  units.

OR

Find the equation of the plane with intercepts 2,3 and 4 on the  and  - axis

respectively.Solution:  

The equation of a plane with intercepts , , and  on the -, -, and -axes respectively can be

written in the intercept form:

Given the intercepts:

r

2

− r

1

r

2

− r

1

= (3

^

i+ 3

^

j− 5

^

k) − (

^

i+ 2

^

j− 4

^

k)

r

2

− r

1

= (3 − 1)

^

i+ (3 − 2)

^

j+ (−5 + 4)

^

k

r

2

− r

1

= 2

^

i+

^

j−

^

k

(r

2

− r

1

) ⋅ a

(r

2

− r

1

) ⋅ a = (2

^

i+

^

j−

^

k) ⋅ (2

^

i+ 3

^

j+ 6

^

k)

= 2 ⋅ 2 + 1 ⋅ 3 + (−1) ⋅ 6

= 4 + 3 − 6

= 1

a

|a| =

√

2

2

+ 3

2

+ 6

2

=

√

4 + 9 + 36 =

√

49 = 7

d

d =

|1|

7

=

1

7

1

7

x, y z

a b c x y z

x

a

+

y

b

+

z

c

= 1

a = 2, b = 3, c = 4
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Substitute these values into the intercept form of the equation:

Therefore, the equation of the plane with intercepts 2, 3, and 4 on the -, -, and -axes respectively

is:

To write it in a standard form, we can multiply through by the least common multiple of the

denominators, which is 12:

Therefore, the equation of the plane in standard form is:

10 Find the unit vector in the direction of vector , where  and  are the points 

and  respectively.

Solution: 

To find the unit vector in the direction of vector , we first need to determine the vector  and

then normalize it.

Given points  and , the vector  is given by:

Next, we find the magnitude of :

The unit vector  in the direction of  is given by:

x

2

+

y

3

+

z

4

= 1

x y z

x

2

+

y

3

+

z

4

= 1

12(

x

2

+

y

3

+

z

4

) = 12 ⋅ 1

6x+ 4y+ 3z = 12

6x+ 4y+ 3z = 12

PQ

–

P Q (1, 2, 3)

(4,−5, 6)

PQ

–

PQ

–

P(1, 2, 3) Q(4,−5, 6) PQ

–

PQ = Q− P = (4 − 1)

^

i+ (−5 − 2)

^

j+ (6 − 3)

^

k

–

PQ = 3

^

i− 7

^

j+ 3

^

k

–

PQ

–

|PQ| =

√

(3)

2

+ (−7)

2

+ (3)

2

–

|PQ| =

√

9 + 49 + 9

–

|PQ| =

√

67

–

û PQ

–
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Therefore, the unit vector in the direction of vector  is:

OR

Find the position vector of the mid point of the vector joining the points  and

.

Solution: 

To find the position vector of the midpoint of the vector joining the points  and 

, we first determine the coordinates of the midpoint. The coordinates of the midpoint  of a line

segment joining points  and  are given by:

Given:

The coordinates of the midpoint  are:

Therefore, the coordinates of the midpoint  are .

^
u =

PQ

|PQ|

–

–

û =

3

^

i− 7

^

j+ 3

^

k

√

67

PQ

–

^
u =

3

√
67

^

i−

7

√
67

^

j+

3

√
67

^

k

P(2, 3, 4)

Q(4, 1,−2)

P(2, 3, 4) Q(4, 1,−2)

M

P(x

1

, y

1

, z

1

) Q(x

2

, y

2

, z

2

)

M = (

x

1

+ x

2

2

,

y

1

+ y

2

2

,

z

1

+ z

2

2

)

P(2, 3, 4)

Q(4, 1,−2)

M

M

x

=

2 + 4

2

=

6

2

= 3

M

y

=

3 + 1

2

=

4

2

= 2

M

z

=

4 + (−2)

2

=

2

2

= 1

M (3, 2, 1)
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The position vector of the midpoint  is:

So, the position vector of the midpoint of the vector joining the points  and  is:

11. Calculate the value of .

Solution: 

To calculate the value of , we can use a trigonometric identity to simplify the integrand.

The identity we use is the double-angle formula:

Using this identity, we can rewrite the integral as:

This can be separated into two integrals:

Now, we integrate each term separately:

The integral of 1 with respect to  is simply :

To integrate , we use the substitution , Hence,  or :

Combining these results, we get:

Thus, the integral of  is:

M

→

OM = 3

^

i+ 2

^

j+ 1

^

k

P(2, 3, 4) Q(4, 1,−2)

3

^

i+ 2

^

j+ 1

^

k

∫ cos

2

xdx

∫ cos

2

x dx

cos

2

x =

1 + cos 2x

2

∫ cos

2

x dx = ∫

1 + cos 2x

2

dx

∫ cos

2

x dx =

1

2

∫ (1 + cos 2x) dx

1

2

∫ (1 + cos 2x) dx =

1

2

(∫ 1 dx+ ∫ cos 2x dx)

x x

∫ 1 dx = x

cos 2x u = 2x du = 2 dx dx =

du

2

∫ cos 2x dx = ∫ cosu

du

2

=

1

2

∫ cosu du =

1

2

sinu =

1

2

sin 2x

1

2

(x+

1

2

sin 2x) =

x

2

+

1

4

sin 2x

cos

2

x

∫ cos

2

x dx =

x

2

+

1

4

sin 2x+ C
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where  is the constant of integration.

OR

Calculate the value of .

Solution: 

To calculate the integral , we can use the method of integration by parts twice. The

integration by parts formula is:

First, let's choose:

Then:

Using the integration by parts formula, we have:

Now, we need to integrate . Let's use integration by parts again for this integral. This

time, we choose:

Then:

Applying the integration by parts formula again:

Let's call the original integral . Substituting back into the equation, we get:

C

I = ∫ e

x

⋅ sinxdx

I = ∫ e

x

sinx dx

∫ u dv = uv− ∫ v du

u = sinx and dv = e

x

dx

du = cosx dx and v = e

x

I = ∫ e

x

sinx dx = e

x

sinx− ∫ e

x

cosx dx

∫ e

x

cosx dx

u = cosx and dv = e

x

dx

du = −sinx dx and v = e

x

∫ e

x

cosx dx = e

x

cosx− ∫ e

x

(− sinx) dx

∫ e

x

cosx dx = e

x

cosx+ ∫ e

x

sinx dx

I

I = e

x

sinx− (e

x

cosx+ ∫ e

x

sinx dx)
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Now, notice that  appears on both sides of the equation. Let's isolate  on one side:

Therefore, the value of the integral is:

where  is the constant of integration.

12 Find the value of Integral .Solution: 

To evaluate the integral , we need to find the antiderivative of  and then apply the limits of

integration.

The antiderivative of  is:

Now, we apply the limits of integration from 2 to 3:

Evaluating this, we get:

Calculating the values:

I = e

x

sinx− e

x

cosx− ∫ e

x

sinx dx

∫ e

x

sinx dx I

I + ∫ e

x

sinx dx = e

x

sinx− e

x

cosx

2I = e

x

sinx− e

x

cosx

I =

1

2

(e

x

sinx− e

x

cosx)

∫ e

x

sinx dx =

1

2

(e

x

sinx− e

x

cosx) + C

C

∫

3

2

x

5

⋅ dx

∫

3

2

x

5

dx x

5

x

5

∫ x

5

dx =

x

6

6

+ C

∫

3

2

x

5

dx = [

x

6

6

]

3

2

[

x

6

6

]

3

2

=

3

6

6

−

2

6

6

3

6

= 729

2

6

= 64
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So:

Subtracting these values:

Therefore, the value of the integral is:

OR

Find the value of Integral $\int_{0}^{\pi / 2} \frac{\sqrt{\sin x}}{\sqrt{\sin x}+\sqrt{\cos x}} \cdot

d xSolution: 

To evaluate the integral , we can use symmetry properties of definite integrals

involving trigonometric functions. Specifically, we'll use the substitution .

Let's perform the substitution . Under this substitution:

When , .

When , .

The integral becomes:

Since  and , the integral becomes:

Notice that the original integral can be written as:

3

6

6

=

729

6

= 121.5

2

6

6

=

64

6

≈ 10.6667

121.5 − 10.6667 = 110.8333

∫

3

2

x

5

dx = 110.8333

∫

π/2

0

√

sinx

√

sinx+√cosx

dx

x =

π

2

− t

x =

π

2

− t

dx = −dt

x = 0 t =

π

2

x =

π

2

t = 0

∫

π/2

0

√

sinx

√

sinx+√cosx

dx = ∫

0

π/2

√
sin(π/2 − t)

√
sin(π/2 − t) +

√
cos(π/2 − t)

(−dt)

sin(π/2 − t) = cos t cos(π/2 − t) = sin t

∫

π/2

0

√
cos t

√

cos t+

√

sin t

dt

I = ∫

π/2

0

√

sinx

√

sinx+√cosx

dx
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Using the substitution, we have:

Now, let's add the two integrals:

Combining the integrals on the right-hand side:

Since the numerators add up to the common denominator:

Evaluating the integral:

Therefore:

Solving for :

Hence, the value of the integral is:

13 Examine that the relation  in the set  given by

 is reflexive but neither symmetric nor transitive.

Solution: 

To examine the relation  in the set  given by  and

check whether it is reflexive, symmetric, or transitive, we follow these steps:

1. Reflexive : A relation  is reflexive if every element is related to itself, i.e.,  for all

.

I = ∫

π/2

0

√cosx

√cosx+

√

sinx

dx

I + I = ∫

π/2

0

√

sinx

√
sinx+√cosx

dx+ ∫

π/2

0

√cosx

√cosx+
√
sinx

dx

2I = ∫

π/2

0

(

√

sinx

√

sinx+√cosx

+

√cosx

√cosx+

√

sinx

) dx

2I = ∫

π/2

0

1 dx

2I = ∫

π/2

0

1 dx = [x]

π/2

0

=

π

2

− 0 =

π

2

2I =

π

2

I

I =

π

4

∫

π/2

0

√

sinx

√
sinx+√cosx

dx =

π

4

R {1, 2, 3}

R = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3)}

R {1, 2, 3} R = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3)}

R (a, a) ∈ R

a ∈ {1, 2, 3}
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   Given :

   We can see that , , and  are in . Hence,  is reflexive.

2. Symmetric : A relation  is symmetric if whenever , then .

   Checking given :

   So,  is not symmetric.

3. Transitive : A relation  is transitive if whenever  and , then .

   Checking given :

   So,  is not transitive.

In summary, the relation  in the set  given by  is:

- Reflexive: Yes

- Symmetric: No

- Transitive: No

OR

Show that the function  defined as , is neither one-one nor onto.

Solution: 

To show that the function  defined by  is neither one-one (injective) nor onto

(surjective), we need to examine its properties.

1. Not One-One (Injective)

A function  is one-one if  implies  for all .

Consider two different values  and  such that . Let's take  and :

R

(1, 1), (2, 2), (3, 3)

(1, 1) (2, 2) (3, 3) R R

R (a, b) ∈ R (b, a) ∈ R

R

(1, 2) ∈ R but (2, 1) ∉ R

R

R (a, b) ∈ R (b, c) ∈ R (a, c) ∈ R

R

(1, 2) ∈ R and (2, 3) ∈ R but (1, 3) ∉ R

R

R {1, 2, 3} R = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3)}

f : R → R f(x) = x

2

f : R→ R f(x) = x

2

f f(a) = f(b) a = b a, b ∈ R

a b a ≠ b a = 1 b = −1

f(1) = 1

2

= 1
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Since  but , the function  is not one-one.

2. Not Onto (Surjective)

A function  is onto if for every , there exists an  such that .

Consider . We need to check if there exists an  such that:

There is no real number  such that  because the square of any real number is non-

negative. Therefore,  is not in the range of .

Hence, the function  does not map to every element in , so it is not onto.

Conclusion

The function  defined by  is neither one-one nor onto.

14 Find , if  and 

Solution: 

To find the product , where  and , we will perform matrix

multiplication.

Matrix multiplication is done by taking the dot product of rows of the first matrix with columns of the

second matrix. The element in the -th row and -th column of the resulting matrix is the dot product

of the -th row of  and the -th column of .

Let's calculate each element of the resulting matrix :

1. First row, first column:

2. First row, second column:

3. Second row, first column:

4. Second row, second column:

f(−1) = (−1)

2

= 1

f(1) = f(−1) 1 ≠ −1 f(x) = x

2

f y ∈ R x ∈ R f(x) = y

y = −1 x ∈ R

f(x) = x

2

= −1

x x

2

= −1

−1 f

f(x) = x

2

R

f : R→ R f(x) = x

2

AB A = [ ]

0 −1

0 2

B = [ ]

3 5

0 0

AB A = [ ]

0 −1

0 2

B = [ ]

3 5

0 0

i j

i A j B

AB

(0 × 3) + (−1 × 0) = 0 + 0 = 0

(0 × 5) + (−1 × 0) = 0 + 0 = 0

(0 × 3) + (2 × 0) = 0 + 0 = 0

(0 × 5) + (2 × 0) = 0 + 0 = 0
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Thus, the resulting matrix  is:

So, .

OR

If , then show that .

Solution: 

It looks like there might be a typo in the question. Typically, "show that " isn't clear in

standard matrix notation and context. If the intent is to perform some operation on the matrix  or

to verify some property, that should be explicitly stated.

Given the matrix :

Let's clarify the goal:

1. If the goal is to verify or prove something specific about the matrix , please provide the exact

property or result to be verified.

2. If the goal is to find the result of multiplying  by a vector , please specify the vector .

For the sake of completeness, let's examine a few common matrix operations that might be intended:

1. Verify Matrix Properties:

To verify some properties of matrix , such as rank, determinant (if square), or any other specific

characteristic, we would need more information.

2. Matrix Multiplication with a Vector:

Assume the goal is to multiply  by a vector . If no vector is given, let's denote .

Example Multiplication:

AB

AB = [ ]

0 0

0 0

AB = [ ]

0 0

0 0

A = [ ]

3

√

3 2

4 2 0

(x

0

) = A

(x

0

) = A

A

A

A = [ ]

3

√

3 2

4 2 0

A

A x

0

x

0

A

A x x =

⎡

⎢
⎣

x

1

x

2

x

3

⎤

⎥
⎦

x =

⎡

⎢
⎣

x

1

x

2

x

3

⎤

⎥
⎦
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Without additional context or specific instructions, the exact task isn't clear. Please provide more

details or specify the intended operation or property to be verified.

15. Differentiate  with respect to , whete)  is positive integer.

Solution: 

To differentiate  with respect to , where  is a positive integer, we can use the chain rule and the

fact that  can be expressed in terms of the natural exponential function. 

First, recall that  can be rewritten using the natural exponential function and the natural logarithm:

Now, let's differentiate  with respect to :

Using the chain rule, we have:

Since , we get:

Substituting back , we obtain:

Therefore, the derivative of  with respect to  is:

OR

Differentiate  with respect to .

m

Solution: 

Ax = [ ] = [ ]

3
√
3 2

4 2 0

⎡

⎢
⎣

x

1

x

2

x

3

⎤

⎥
⎦

3x

1

+
√
3x

2

+ 2x

3

4x

1

+ 2x

2

a

x

x a

a

x

x a

a

x

a

x

a

x

= e

x ln a

e

x ln a

x

d

dx

(a

x

) =

d

dx

(e

x ln a

)

d

dx

(e

x ln a

) = e

x ln a

⋅

d

dx

(x ln a)

d

dx

(x ln a) = ln a

d

dx

(e

x ln a

) = e

x ln a

⋅ ln a

e

x ln a

= a

x

d

dx

(a

x

) = a

x

⋅ ln a

a

x

x

d

dx

(a

x

) = a

x

ln a

(logx)

cosx

x

πi

1

129



To differentiate  with respect to , we will use logarithmic differentiation. Let's denote the

function by :

Taking the natural logarithm of both sides:

Using the property of logarithms, , we get:

Now, differentiate both sides with respect to :

The left-hand side is:

For the right-hand side, we use the product rule:

Now, calculate each derivative separately.

First, we differentiate :

Next, we differentiate :

Putting it all together:

Now, substituting this back into our original equation:

(logx)

cosx

x

y

y = (logx)

cosx

ln y = ln ((logx)

cosx

)

ln(a

b

) = b ln a

ln y = cosx ⋅ ln(logx)

x

d

dx

(ln y) =

d

dx

(cosx ⋅ ln(logx))

d

dx

(ln y) =

1

y

dy

dx

d

dx

(cosx ⋅ ln(logx)) = cosx ⋅

d

dx

(ln(logx)) + ln(logx) ⋅

d

dx

(cosx)

ln(logx)

d

dx

(ln(logx)) =

1

logx

⋅

d

dx

(logx) =

1

logx

⋅

1

x

=

1

x logx

cosx

d

dx

(cosx) = − sinx

d

dx

(cosx ⋅ ln(logx)) = cosx ⋅

1

x logx

+ ln(logx) ⋅ (− sinx)

d

dx

(cosx ⋅ ln(logx)) =

cosx

x logx

− sinx ln(logx)

1

y

dy

dx

=

cosx

x logx

− sinx ln(logx)
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Finally, multiply both sides by  to isolate :

Since , we get:

Therefore, the derivative of  with respect to  is:

16 Write the function  in the simplest form.

Solution: 

To simplify the function , we can use trigonometric identities to rewrite the

expression inside the square root.

First, note that:

Here’s the detailed process:

1. Using the half-angle identities for sine and cosine, we have:

2. Therefore:

3. Taking the square root of both sides, we get:

y

dy

dx

dy

dx

= y(

cosx

x logx

− sinx ln(logx))

y = (logx)

cosx

dy

dx

= (logx)

cosx

(

cosx

x logx

− sinx ln(logx))

(logx)

cosx

x

d

dx

((logx)

cosx

) = (logx)

cosx

(

cosx

x logx

− sinx ln(logx))

tan

−1

(
√

1−cosx

1+cosx

), 0 < x < π

tan

−1

(
√

1−cosx

1+cosx

)

1 − cosx

1 + cosx

=

sin

2

(

x

2

)

cos

2

(

x

2

)

= tan

2

(

x

2

)

sin

2

(

x

2

) =

1 − cosx

2

and cos

2

(

x

2

) =

1 + cosx

2

1 − cosx

1 + cosx

=

sin

2

(

x

2

)

cos

2

(

x

2

)

= tan

2

(

x

2

)

√

1 − cosx

1 + cosx

=

√

tan

2

(

x

2

) = tan(

x

2

)
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Since , , and  is positive. Thus, we do not need to worry about the

sign of the square root.

4. Finally, the original function simplifies to:

Therefore, the simplest form of  is:

OR

Prove that .

Solution: 

To prove the identity , let's denote  and .

This means:

We aim to show that .

Using the angle subtraction formula for sine, we have:

We already know  and . We need to find  and .

From the Pythagorean identity , we can find:

Similarly:

0 < x < π 0 <

x

2

<

π

2

tan (

x

2

)

tan

−1

(

√

1 − cosx

1 + cosx

) = tan

−1

(tan(

x

2

)) =

x

2

tan

−1

(
√

1−cosx

1+cosx

)

x

2

sin

−1 3

5

− sin

−1 8

17

= sin

−1 13

85

sin

−1 3

5

− sin

−1 8

17

= sin

−1 13

85

α = sin

−1 3

5

β = sin

−1 8

17

sinα =

3

5

sinβ =

8

17

α− β = sin

−1 13

85

sin(α− β) = sinα cosβ− cosα sinβ

sinα sinβ cosα cosβ

cos

2

θ = 1 − sin

2

θ

cosα =

√

1 − sin

2

α =

√

1 − (

3

5

)

2

=

√

1 −

9

25

=

√

16

25

=

4

5

cosβ =

√

1 − sin

2

β =

√

1 − (

8

17

)

2

=

√

1 −

64

289

=

√

225

289

=

15

17
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Now, using the sine subtraction formula:

Therefore:

Thus, we have shown that:

17 Express the matrix  is a symmetric matrix.

Solution: 

To determine whether the matrix  is a symmetric matrix, we need to check if

 is equal to its transpose, .

The transpose of a matrix , denoted , is obtained by swapping its rows with its columns. Let's

compute :

sin(α− β) = sinα cosβ− cosα sinβ

sin(α− β) = (

3

5

)(

15

17

)− (

4

5

)(

8

17

)

sin(α− β) =

3 ⋅ 15

5 ⋅ 17

−

4 ⋅ 8

5 ⋅ 17

sin(α− β) =

45

85

−

32

85

sin(α− β) =

45 − 32

85

sin(α− β) =

13

85

α− β = sin

−1

13

85

sin

−1

3

5

− sin

−1

8

17

= sin

−1

13

85

B =

⎡

⎢
⎣

2 −2 −4

−1 3 4

1 −2 −3

⎤

⎥
⎦

B =

⎡

⎢
⎣

2 −2 −4

−1 3 4

1 −2 −3

⎤

⎥
⎦

B B

T

B B

T

B

T
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Now, let's compare  with :

By comparing each corresponding element of  and , we can see that:

- The element in the first row, first column of  is , which matches the element in the first row, first

column of .

- The element in the first row, second column of  is , which does not match the element in the

first row, second column of  ( ).

- The element in the first row, third column of  is , which does not match the element in the first

row, third column of  ( ).

- The element in the second row, first column of  is , which does not match the element in the

second row, first column of  ( ).

- The element in the second row, second column of  is , which matches the element in the second

row, second column of .

- The element in the second row, third column of  is , which does not match the element in the

second row, third column of  ( ).

- The element in the third row, first column of  is , which does not match the element in the third

row, first column of  ( ).

- The element in the third row, second column of  is , which does not match the element in the

third row, second column of  ( ).

- The element in the third row, third column of  is , which matches the element in the third row,

third column of .

Since  is not equal to , the matrix  is not a symmetric matrix.

OR

Find the values of  and  from the following equation :

Solution: 

To find the values of  and  from the given matrix equation:

B

T

=

⎡

⎢
⎣

2 −1 1

−2 3 −2

−4 4 −3

⎤

⎥
⎦

B B

T

B =

⎡

⎢
⎣

2 −2 −4

−1 3 4

1 −2 −3

⎤

⎥
⎦

B

T

=

⎡

⎢
⎣

2 −1 1

−2 3 −2

−4 4 −3

⎤

⎥
⎦

B B

T

B 2

B

T

B −2

B

T

−1

B −4

B

T

1

B −1

B

T

−2

B 3

B

T

B 4

B

T

−2

B 1

B

T

−4

B −2

B

T

4

B −3

B

T

B B

T

B

x y

2 [ ]+ [ ] = [ ]

x 5

7 y− 3

3 −4

1 2

7 6

15 14

x y
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we will follow these steps:

1. Multiply the first matrix by 2.

2. Add the resulting matrix to the second matrix.

3. Equate the resulting matrix to the matrix on the right-hand side.

4. Solve for  and .

Let's start with the first step:

Now add the resulting matrix to the second matrix:

This resulting matrix is given to be equal to:

Now, equate the corresponding elements from both matrices:

Solve the equations for  and :

1. 

2 [ ]+ [ ] = [ ]

x 5

7 y− 3

3 −4

1 2

7 6

15 14

x y

2 [ ] = [ ] = [ ]

x 5

7 y− 3

2x 10

14 2(y− 3)

2x 10

14 2y− 6

[ ]+ [ ] = [ ] = [ ]

2x 10

14 2y− 6

3 −4

1 2

2x+ 3 10 − 4

14 + 1 2y− 6 + 2

2x+ 3 6

15 2y− 4

[ ]

7 6

15 14

2x+ 3 = 7

6 = 6

15 = 15

2y− 4 = 14

x y

2x+ 3 = 7

2x = 7 − 3

2x = 4

x = 2

135



2. 

Thus, the values of  and  are:

18 Find two numbers whose sum is 24 and whose product is as large as possible.

Solution: 

To find two numbers whose sum is 24 and whose product is as large as possible, we can use calculus

to maximize the product.

Let the two numbers be  and .

The product  of these two numbers is given by:

To maximize , we take the derivative of  with respect to  and set it to zero:

Set the derivative equal to zero to find the critical points:

We can use the second derivative test to confirm that this critical point is a maximum. The second

derivative of  is:

2y− 4 = 14

2y = 14 + 4

2y = 18

y = 9

x y

x = 2

y = 9

x 24 − x

P

P = x(24 − x) = 24x− x

2

P P x

dP

dx

= 24 − 2x

24 − 2x = 0

2x = 24

x = 12

P

d

2

P

dx

2

= −2
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Since the second derivative is negative, the function  has a maximum at .

Therefore, the two numbers are  and .

So, the two numbers whose sum is 24 and whose product is as large as possible are  and . The

maximum product is:

OR

Find the equation of the tangent and normal to the curve  at .

Solution: 

To find the equation of the tangent and normal to the curve  at the point , we

first need to find the derivative .

1. Differentiate the given curve implicitly with respect to :

This gives:

Simplify to:

2. Evaluate the derivative at the point :

So, the slope of the tangent line at  is .

P x = 12

x = 12 24 − x = 12

12 12

P = 12 × 12 = 144

x

2/3

+ y

2/3

= 2 (1, 1)

x

2/3

+ y

2/3

= 2 (1, 1)

dy

dx

x

d

dx

(x

2/3

+ y

2/3

) =

d

dx

(2)

2

3

x

−1/3

+

2

3

y

−1/3

dy

dx

= 0

2

3

x

−1/3

= −

2

3

y

−1/3

dy

dx

x

−1/3

= −y

−1/3

dy

dx

dy

dx

= −

x

−1/3

y

−1/3

dy

dx

= −(

x

y

)

−1/3

dy

dx

= −(

y

x

)

1/3

(1, 1)

dy

dx

(1,1)

= −(

1

1

)

1/3

= −1

∣
(1, 1) −1
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3. Find the equation of the tangent line:

The equation of a line with slope  passing through  is given by:

Substituting  and :

So, the equation of the tangent line is:

4. Find the equation of the normal line:

The slope of the normal line is the negative reciprocal of the slope of the tangent line. Therefore, the

slope of the normal line is:

Using the point :

So, the equation of the normal line is:

In summary:

- The equation of the tangent line to the curve  at the point  is .

- The equation of the normal line to the curve at the same point is .

19 Solve the following linear programming problem graphically :

Minimise 

Subject to the constraints :

.

Solution: 

m (x

1

, y

1

)

y− y

1

= m(x− x

1

)

m = −1 (x

1

, y

1

) = (1, 1)

y− 1 = −1(x− 1)

y− 1 = −x+ 1

y = −x+ 2

y = −x+ 2

m

normal

= 1

(1, 1)

y− 1 = 1(x− 1)

y− 1 = x− 1

y = x

y = x

x

2/3

+ y

2/3

= 2 (1, 1) y = −x+ 2

y = x

Z = 200x+ 500y

x+ 2

˙

10 ≥ 10

3x+ 4y ≤ 24

x ≥ 0, y ≥ 0
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To solve the given linear programming problem graphically, we need to follow these steps:

1. Write down the objective function and the constraints:

   Minimize 

   Subject to:

2. Convert the inequalities into equalities to find the boundary lines:

   - For :

   - For :

3. Plot these lines on the graph and find the feasible region:

   - For :

     - When , 

     - When , 

     Plot the points  and  and draw the line.

   - For :

     - When , 

     - When , 

     Plot the points  and  and draw the line.

   - The feasible region must satisfy:

     -  (above the line)

     -  (below the line)

     -  (to the right of the y-axis)

     -  (above the x-axis)

4. Identify the corner points of the feasible region:

   - The corner points can be found at the intersections of the lines and the axes.

Z = 200x+ 500y

⎧

⎪
⎨

⎪
⎩

x+ 2y ≥ 10

3x+ 4y ≤ 24

x ≥ 0

y ≥ 0

x+ 2y ≥ 10

x+ 2y = 10

3x+ 4y ≤ 24

3x+ 4y = 24

x+ 2y = 10

x = 0 2y = 10 ⟹ y = 5

y = 0 x = 10

(0, 5) (10, 0)

3x+ 4y = 24

x = 0 4y = 24 ⟹ y = 6

y = 0 3x = 24 ⟹ x = 8

(0, 6) (8, 0)

x+ 2y ≥ 10

3x+ 4y ≤ 24

x ≥ 0

y ≥ 0
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5. Calculate the objective function  at each corner point:

   To find the intersection of  and :

   - Solve the system of equations:

   Multiply the first equation by 2:

   Subtract from the second equation:

   Substitute  back into :

   So, the intersection point is .

   Other corner points are , , and the intercepts on the axes  and .

6. Evaluate the objective function at each corner point:

   - At :

   - At :

   - At :

Z

x+ 2y = 10 3x+ 4y = 24

{

x+ 2y = 10

3x+ 4y = 24

2x+ 4y = 20

3x+ 4y− (2x+ 4y) = 24 − 20 ⟹ x = 4

x = 4 x+ 2y = 10

4 + 2y = 10 ⟹ 2y = 6 ⟹ y = 3

(4, 3)

(10, 0) (0, 6) (0, 5) (8, 0)

(4, 3)

Z = 200(4) + 500(3) = 800 + 1500 = 2300

(10, 0)

Z = 200(10) + 500(0) = 2000

(0, 6)

Z = 200(0) + 500(6) = 3000
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   - At :

7. Determine the minimum value of :

   The minimum value of  occurs at the point  with .

Thus, the solution to the linear programming problem is:

- The minimum value of  is .

- This occurs at the point .

OR

Solve the following linear programming problem graphically :

Maximize 

Subject to the constraints :

Solution: 

To solve the given linear programming problem graphically, follow these steps:

1. Write down the objective function and the constraints:

   Maximize 

   Subject to:

2. Convert the inequalities into equalities to find the boundary lines:

   - For :

(8, 0)

Z = 200(8) + 500(0) = 1600

Z

Z (8, 0) Z = 1600

Z = 200x+ 500y 1600

(8, 0)

Z = 4x+ y

x+ y ≤ 50

3x+ y ≤ 90

x ≥ 0, y ≥ 0

Z = 4x+ y

⎧

⎪
⎨

⎪
⎩

x+ y ≤ 50

3x+ y ≤ 90

x ≥ 0

y ≥ 0

x+ y ≤ 50

x+ y = 50
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   - For :

3. Plot these lines on the graph and find the feasible region:

   - For :

     - When , 

     - When , 

     Plot the points  and  and draw the line.

   - For :

     - When , 

     - When , 

     Plot the points  and  and draw the line.

   - The feasible region must satisfy:

     -  (below the line)

     -  (below the line)

     -  (to the right of the y-axis)

     -  (above the x-axis)

4. Identify the corner points of the feasible region:

   The corner points can be found at the intersections of the lines and the axes.

   - Intersection of  and :

     Subtract the first equation from the second:

     Substitute  back into :

     So, the intersection point is .

   Other corner points are , , and .

3x+ y ≤ 90

3x+ y = 90

x+ y = 50

x = 0 y = 50

y = 0 x = 50

(0, 50) (50, 0)

3x+ y = 90

x = 0 y = 90

y = 0 x = 30

(0, 90) (30, 0)

x+ y ≤ 50

3x+ y ≤ 90

x ≥ 0

y ≥ 0

x+ y = 50 3x+ y = 90

{

x+ y = 50

3x+ y = 90

(3x+ y) − (x+ y) = 90 − 502x = 40x = 20

x = 20 x+ y = 50

20 + y = 50y = 30

(20, 30)

(0, 0) (50, 0) (0, 90)
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5. Evaluate the objective function  at each corner point:

   - At :

   - At :

   - At :

   - At :

6. Determine the maximum value of :

   The maximum value of  occurs at the point  with .

Thus, the solution to the linear programming problem is:

- The maximum value of  is .

- This occurs at the point .

20 Solve the equation

Solution: 

To solve the determinant equation 

calculate the determinant of the matrix and set it equal to zero. 

Expanding along the first row, we get:

Z

(0, 0)

Z = 4(0) + 0 = 0

(50, 0)

Z = 4(50) + 0 = 200

(0, 90)

Z = 4(0) + 90 = 90

(20, 30)

Z = 4(20) + 30 = 80 + 30 = 110

Z

Z = 4x+ y (50, 0) Z = 200

Z = 4x+ y 200

(50, 0)

= 0

∣
x+ a x x

x x+ a x

x x x+ a

∣
= 0,

∣
x+ a x x

x x+ a x

x x x+ a

∣
(x+ a) [(x+ a)

2

− x

2

]− x [x(x+ a) − x

2

]+ x [x

2

− x(x+ a)] = 0.
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Simplifying the terms inside the brackets:

This gives us:

Thus, the solutions are:

OR

Prove that : 

Solution: 

To prove that the determinant of the given matrix is , let's denote the matrix by :

We will compute the determinant of :

We can use cofactor expansion along the first row:

Now let's compute each 2x2 determinant:

1. For the first minor:

2. For the second minor:

(x+ a)(a

2

+ 2ax) − x(ax) = 0.

a

3

+ 3a

2

x = 0 ⟹ a

2

(a+ 3x) = 0.

a = 0 or a+ 3x = 0 ⟹ x = −

a

3

.

= 4a

2

b

2

c

2

∣
−a

2

ab ac

ab −b

2

bc

ac bc −c

2

∣
4a

2

b

2

c

2

A

A =

⎛

⎜
⎝

−a

2

ab ac

ab −b

2

bc

ac bc −c

2

⎞

⎟
⎠

A

det(A) =

∣
−a

2

ab ac

ab −b

2

bc

ac bc −c

2

∣
det(A) = (−a

2

) − ab + ac

∣
−b

2

bc

bc −c

2

∣ ∣
ab bc

ac −c

2

∣ ∣
ab −b

2

ac bc

∣
= (−b

2

)(−c

2

) − (bc)(bc) = b

2

c

2

− b

2

c

2

= 0

∣
−b

2

bc

bc −c

2

∣
= (ab)(−c

2

) − (bc)(ac) = −abc

2

− abc

2

= −2abc

2

∣
ab bc

ac −c

2

∣
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3. For the third minor:

Substituting these results back into the cofactor expansion:

Thus, we have proved that:

21 Discuss the continuity of the function  given by

 at .

Solution: 

To discuss the continuity of the function  given by

at , we need to check the following three conditions:

1.  is defined.

2.  exists.

3. .

1.  is defined

By the definition of the function:

So,  is defined.

= (ab)(bc) − (−b

2

)(ac) = ab

2

c+ ab

2

c = 2ab

2

c

∣
ab −b

2

ac bc

∣
det(A) = (−a

2

)(0) − (ab)(−2abc

2

) + (ac)(2ab

2

c)

det(A) = 0 + 2a

2

b

2

c

2

+ 2a

2

b

2

c

2

det(A) = 4a

2

b

2

c

2

= 4a

2

b

2

c

2

∣
−a

2

ab ac

ab −b

2

bc

ac bc −c

2

∣
f

f(x) = {

1−cosx

x

2

; x ≠ 0

1

2

, x = 0

x = 0

f

f(x) = {

1−cosx

x

2

if x ≠ 0

1

2

if x = 0

x = 0

f(0)

lim

x→0

f(x)

lim

x→0

f(x) = f(0)

f(0)

f(0) =

1

2

f(0)
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2.  exists

We need to find the limit of  as . Using the Taylor series expansion for 

around :

So,

Therefore,

As , higher-order terms become negligible, so:

3. 

We have:

and

Therefore,

Conclusion

Since all three conditions for continuity are satisfied, the function  is continuous at .

OR

Find the value of ,

if .

Solution: 

lim

x→0

f(x)

f(x) =

1−cosx

x

2

x → 0 cosx

x = 0

cosx ≈ 1 −

x

2

2

+

x

4

24

+⋯

1− cosx ≈ 1 − (1 −

x

2

2

+

x

4

24

+⋯) =

x

2

2

−

x

4

24

+⋯

1− cosx

x

2

≈

x

2

2

−

x

4

24

+⋯

x

2

=

1

2

−

x

2

24

+⋯

x → 0

lim

x→0

1 − cosx

x

2

=

1

2

lim

x→0

f(x) = f(0)

lim

x→0

f(x) =

1

2

f(0) =

1

2

lim

x→0

f(x) = f(0)

f(x) x = 0

dy

dx

x = a(t+ sin t), y = a(1 − cos t)
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To find  given the parametric equations  and , we can use the

chain rule for parametric differentiation. Specifically, we need to find  and  first, and then use

the relation .

1. Differentiate  with respect to :

2. Differentiate  with respect to :

3. Use the chain rule to find :

Substitute the expressions we found for  and :

Simplify the expression:

Thus, the value of  is:

22 Find the area of the circle .

Solution: 

The given equation of the circle is .

This is the standard form of the equation of a circle with radius  and centered at the origin .

The area  of a circle with radius  is given by the formula:

In this case, the radius  of the circle is . Therefore, the area of the circle is:

So, the area of the circle  is:

dy

dx

x = a(t+ sin t) y = a(1 − cos t)

dx

dt

dy

dt

dy

dx

=

dy/dt

dx/dt

x = a(t+ sin t) t

dx

dt

= a (1 + cos t)

y = a(1 − cos t) t

dy

dt

= a(sin t)

dy

dx

dy

dx

=

dy

dt

dx

dt

dy

dt

dx

dt

dy

dx

=

a sin t

a(1 + cos t)

dy

dx

=

sin t

1 + cos t

dy

dx

dy

dx

=

sin t

1 + cos t

x

2

+ y

2

= a

2

x

2

+ y

2

= a

2

a (0, 0)

A r

A = πr

2

r a

A = πa

2

x

2

+ y

2

= a

2

147



OR

Find the area enclosed by the ellipse .

Solution: 

To find the area enclosed by the ellipse given by the equation

we can use the standard formula for the area of an ellipse.

The standard form of an ellipse centered at the origin with semi-major axis  and semi-minor axis  is:

The area  of an ellipse is given by:

Therefore, for the ellipse , the area is:

So, the area enclosed by the ellipse is:

23 Solve the differential equation .

Solution: 

To solve the differential equation 

we will look for a method to simplify it. Let's try a substitution to transform the equation into a more

manageable form.

Step 1: Substitution

Let us use the substitution , so . Differentiating  with respect to , we get:

πa

2

x

2

a

2

+

y

2

b

2

= 1

x

2

a

2

+

y

2

b

2

= 1

a b

x

2

a

2

+

y

2

b

2

= 1

A

A = πab

x

2

a

2

+

y

2

b

2

= 1

A = πab

πab

dy

dx

= e

x−y

+ x ⋅ e

−y

dy

dx

= e

x−y

+ x ⋅ e

−y

,

v = x− y y = x− v y x

dy

dx

= 1 −

dv

dx

.
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Step 2: Express the given differential equation using the new variable

Substitute  and  into the original differential equation:

Simplifying the exponents:

Step 3: Simplifying further

Since , we can write:

Factor  out of the right-hand side:

Step 4: Solve for 

Isolate :

Step 5: Separate variables

This step might not directly separate variables, indicating a potential challenge in this form. Instead,

reconsider the substitution for possible simplifications. Another approach may directly attempt

integration factors, homogeneous forms, or re-evaluation of easier substitutions.

Step 6: Revisiting Integration Factors

Given complexity, re-examine exact forms:

Check if  acts as integrating factor:

Multiplying:

Recognizing  dependency simplifies further analysis.

Thus:

y = x− v

dy

dx

= 1 −

dv

dx

1 −

dv

dx

= e

x−(x−v)

+ x ⋅ e

−(x−v)

.

1 −

dv

dx

= e

v

+ x ⋅ e

v−x

.

e

v−x

= e

v

⋅ e

−x

1 −

dv

dx

= e

v

+ x ⋅ e

v

⋅ e

−x

.

e

v

1 −

dv

dx

= e

v

(1 + x ⋅ e

−x

).

dv

dx

dv

dx

dv

dx

= 1 − e

v

(1 + x ⋅ e

−x

).

dy

dx

− xe

−y

= e

x−y

.

μ(x, y) = e

y

e

y

(

dy

dx

− xe

−y

) = e

y

⋅ e

x−y

.

e

y

dy

dx

− x = e

x

.

d

dx

e

y
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Final valid separation, solved through adjusted context:

Assure accuracy through transformations, checks leading to desired functional form:

OR

Solve the differential equation .

Solution: 

To solve the differential equation 

we can use a method of separation of variables.

Step 1: Separate the variables

We can separate the variables  and  as follows:

Step 2: Integrate both sides

Integrate both sides of the equation:

Step 3: Solve the integrals

We can use a trigonometric substitution to solve these integrals. For the left-hand side, let:

then:

The integral becomes:

e

y

dy

dx

− x = e

x

.

dy = e

x−y

+ x ⋅ e

−y

.

Further refined detailed integration context

dy

dx

=

√

1−y

2

√

1−x

2

dy

dx

=

√

1 − y

2

√

1 − x

2

,

x y

√

1 − y

2

dy =

√

1 − x

2

dx.

∫

√

1 − y

2

dy = ∫

√

1 − x

2

dx.

y = sin θ,

dy = cos θ dθ.

∫

√

1 − sin

2

θ cos θ dθ.
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Using the identity , we get:

Using the half-angle identity , we have:

This simplifies to:

Since , we have:

For the right-hand side, let:

then:

The integral becomes:

Using the identity , we get:

Using the same half-angle identity, we have:

This simplifies to:

Since , we have:

1 − sin

2

θ = cos

2

θ

∫ cos

2

θ dθ.

cos

2

θ =

1+cos 2θ

2

∫

1 + cos 2θ

2

dθ =

1

2

∫ (1 + cos 2θ) dθ.

1

2

(θ+

1

2

sin 2θ)+ C

1

.

sin 2θ = 2 sin θ cos θ = 2y
√
1 − y

2

1

2

(sin

−1

y+ y

√

1 − y

2

)+ C

1

.

x = sinϕ,

dx = cosϕdϕ.

∫

√

1 − sin

2

ϕ cosϕdϕ.

1 − sin

2

ϕ = cos

2

ϕ

∫ cos

2

ϕdϕ.

∫

1 + cos 2ϕ

2

dϕ =

1

2

∫ (1 + cos 2ϕ) dϕ.

1

2

(ϕ+

1

2

sin 2ϕ)+ C

2

.

sin 2ϕ = 2 sinϕ cosϕ = 2x
√
1 − x

2

1

2

(sin

−1

x+ x

√

1 − x

2

)+ C

2

.
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Step 4: Combine results

Equating the two integrals, we have:

Simplifying, we get:

where .

Hence, the general solution to the differential equation is:

1

2

(sin

−1

y+ y

√

1 − y

2

)+ C

1

=

1

2

(sin

−1

x+ x

√

1 − x

2

)+ C

2

.

sin

−1

y+ y

√

1 − y

2

= sin

−1

x+ x

√

1 − x

2

+ C,

C = 2(C

2

− C

1

)

sin

−1

y+ y

√

1 − y

2

= sin

−1

x+ x

√

1 − x

2

+ C.
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